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1 Abstract
A solution to Einstein’s field equations via the Friedman equations is shown to produce
a cosmological model that is in exact agreement with the measurements made by the
dark energy astronomers. All the essential physical parameters are obtained as epoch
dependent functions all in closed form. The equations of state are obtained for a non-dark
energy density, a dark energy density and a total gravitationally weighted mass density.
An interpretation of the structure involving a dark energy mass distribution that is twice
the usual value is shown to clarify greatly the physical significance of the mathematics.
It is asserted that the astronomer’s measurements together with the mathematical model
proves that the universe is permeated uniformly with a positive mass density that carries
a negative gravitational constant, -G, characteristic. This mass component is identified
with the dark energy content of the universe that has been postulated to explain the
observed acceleration. Another result implied by the model is that there is twice the
amount of dark energy that is usually considered to be present. This last point is analysed
in more detail in appendix 1 using Einstein’s field equations. Five additional appendices,
2, 3, 4, 5 and 6 in which isothermal gravitational dark matter equilibrium and the galactic
rotations curve flatness problem are examined in detail. Appendix 5 is concerned with
mass clumping and expressing gravitational isothermal equilibrium constraints using a
cosmological Schro¨dinger equation to demonstrate the existence of a new quantum force
involved with galactic stability. Appendix 6 is concerned with gravitational quantization.
Each appendix has its own abstract.
Keywords: Dust Universe, Dark Energy, Dark Matter, Friedman Equations
Isothermal Gravitational Equilibrium, Cosmological Schro¨dinger Equation
PACS Nos.: 98.80.-k, 98.80.Es, 98.80.Jk, 98.80.Qc
2 Introduction
The work to be described in this paper is a detailed analysis of a conclusion hinted at in
the paper A Dust Universe Solution to the Dark Energy Problem [23]. The conclusion
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arrived at there was that the dark energy substance is physical material with a positive
density, as is usual, but with a negative gravity, -G, characteristic. References to equa-
tions in that paper will be prefaced with the letter A. The work in A and its extension
here has it origins in the studies of Einstein’s general relativity in the Friedman equa-
tions context to be found in references ([16],[22],[21],[20],[19],[18],[4],[23]) and similarly
motivated work in references ([10],[9],[8],[7],[5]) and ([12],[13],[14],[15],[7]). Other useful
sources of information have been references ([17],[3]) with the measurement essentials
coming from references ([1],[2],[11]).
After the astronomical observations some eight years ago implying that the expansion
of the universe is accelerating there has been overwhelming research into trying to find
an explanation of what is happening and how it all does or does not fit into general
relativity theory. The acceleration phenomenon is widely described as very mysterious.
This is particularly in connection with the material called dark energy which is thought
to produce a negative pressure that causes the acceleration. As a positive pressure in
the general relativity generated Friedman equations is thought to be due to gravitational
attraction, the measured acceleration is seen vaguely as being caused by dark energy being
gravitationally repulsive. However, it has seemed to be difficult to fit the observations
into general relativity theory. I think the basis of all the theoretical difficulties lies with
what Einstein called his greatest mistake, the introduction of his cosmological constant
Λ to stabilise his model which without Λ would itself suffer negative acceleration. I think
the mistake was in fact not the introduction of Λ which actually brilliantly achieved his
objective but rather the association of Λ with the mass density function ρΛ which was
assumed to represent the mystery repulsive dark energy material. As this concept was
obviously effective in stabilising Einstein’s model it has for the last hundred years been
regarded as a physically correct assumption and so it always appears in Λ orientated
discussions of the Friedman equations. In A, I showed that if the density function for
dark energy is rather defined as ρ†Λ = Λc
2/(4πG) = 2ρΛ then, dark energy becomes a
distribution of positive mass that carries a negatively valued gravitational constant, −G.
The dark energy model for the universe introduced in A, then accurately describes the
dynamics and kinematics of the actual measured universe parameters and most of the
mystery vanishes. It all turns on recognising that the universe contains a uniform and
minutely small density distribution of negative gravity characterised material. I give a
strong case for these ideas in the following pages by showing that the model from A has
a complete solution giving for example the equations of state for the total gravitationally
positive mass distribution density, ρ(t), the dark energy material distribution, ρΛ, and
the density a distribution, ρG(t), which expresses the positive gravitational mass density
relative to the dark energy mass density.
2
3 Summary of Mathematical Structure of Model
The main theoretical basis for the work to be discussed here are the two Friedman
equations that derive from general relativity,
8πGρ(t)r2/3 = r˙2 + (k − Λr2/3)c2 (3.1)
−8πGP (t)r/c2 = 2r¨ + r˙2/r + (k/r − Λr)c2 (3.2)
in the case k = 0 and a positively valued Λ we have,
8πGρ(t)r2/3 = r˙2 − |Λ|r2c2/3 (3.3)
−8πGP (t)r/c2 = 2r¨ + r˙2/r − |Λ|rc2. (3.4)
The main results obtained from the dark energy model for ease of reference are listed
next,
r(t) = (RΛ/c)
2/3C1/3 sinh2/3(±3ct/(2RΛ)) (3.5)
b = (RΛ/c)
2/3C1/3 (3.6)
C = 8πGρ(t)r3/3 (3.7)
RΛ = |3/Λ|
1/2 (3.8)
θ±(t) = ±3ct/(2RΛ) (3.9)
r(t) = b sinh2/3(θ±(t)) (3.10)
v(t) = ±(bc/RΛ) sinh
−1/3(θ±(t)) cosh(θ±(t)) (3.11)
a(t) = b(c/(RΛ))
2 sinh2/3(θ±(t))(3 − coth
2(θ±(t)))/2 (3.12)
H(t) = (c/RΛ) coth(±3ct/(2RΛ)) (3.13)
P (t) = (−c2/(8πG))(2r¨(t)/r(t) +H2(t)− 3(c/RΛ)
2) (3.14)
P (t) ≡ 0 ∀ t (3.15)
PΛ = (−3c
2/(8πG))(c/RΛ)
2 (3.16)
ρΛ = (3/(8πG))(c/RΛ)
2 (3.17)
ρ†Λ = (3/(4πG))(c/RΛ)
2 = 2ρΛ. (3.18)
The function r(t) is the radius or scale factor1 for this model([3]). The acceleration a(t)
can also be expressed as
r¨(t) = 4πrG(ρ†Λ − ρ(t))/3 = a(t) (3.19)
= 4πr3G(ρ†Λ − ρ(t))/(3r
2) (3.20)
= M †ΛG/r
2 −MUG/r
2 (3.21)
M †Λ = 4πr
3ρ†Λ/3 (3.22)
MU = 4πr
3ρ(t)/3 (3.23)
1After writing A, I found mention of this scale factor in Michael Berry’s Book, p. 129.
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whereM †Λ is the total dark energy mass within the universe andMU is the total non-dark
energy mass within the universe. From equation(A2.19), we have
8πGρ(t)r2/3 + Λr2c2/3 = r˙2 (3.24)
8πGρ(t) + Λc2 = 3H2(t) (3.25)
8πGρ(t) = 3H2(t)− Λc2 (3.26)
ρ(t) = (3/(8πG))(H2(t)− (c/RΛ)
2) (3.27)
= (3/(8πG))(c/RΛ)
2(coth2(θ+(t)) − 1) (3.28)
= (3/(8πG))(c/RΛ)
2(sinh−2(3ct/(2RΛ)) (3.29)
= (3/(8πG))C/r3(t) (3.30)
= 3MU/(4πr
3(t)) =MU/VU (t). (3.31)
Equation (3.31) confirms the mass density of the universe character of ρ(t).
4 The Pseudo Mass Density
The mass densities introduced in this theoretical construction, so far, are ρΛ, ρ
†
Λ and
ρ(t). The first of these is what Einstein would have regarded as the repulsive material
density within the universe to be associated with his Λ term added to overcome the
intrinsic expansion process and give his static universe. The second one, is numerically
twice the first which I have introduced for reasons about to be explained. The third
density, ρ(t), is the total gravitational positive mass density for the model being discussed.
These are three legitimate mass densities in particular conforming to the usually accepted
requirement that mass should always be positive. I now introduce another density of great
importance which will be denoted by ρG(t) and defined by
ρG(t) = ρ(t)− ρ
†
Λ. (4.1)
This is clearly not a legitimate mass density as it can become negative if ρ(t) < ρ†Λ.
However, if we rewrite it as
ρG(t) = (G+ρ(t) +G−ρ
†
Λ)/G (4.2)
G+ = +G (4.3)
G− = −G, (4.4)
the quantity ρG(t) can then be regarded as a legitimate gravitationally weighted mass
density and the equation (3.19) becomes
r¨(t) = −4πr(t)GρG(t)/3 (4.5)
2r¨(t)/r(t) = −8πGρG(t)/3. (4.6)
There is another way in which the quantity ρG(t) can be legitimised. This is by calling it
a relative mass density. Then possible negative values can be explained by arguing that
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it falls below the reference density ρ†Λ for negative values. In that situation the uniform
constant dark energy value is simply acting as a standard reference value throughout all
space. Equation (4.5) or equation (4.6) is exactly the classical Newtonian result for the
acceleration at the boundary of a spherical distribution positive G mass density.
5 Component Masses
Using equations (3.14) and (4.6) the identically zero total pressure P (t) can be expressed
in the form
P (t) = c2ρG(t)/3 + (c
2/(8πG))(3(c/RΛ)
2 −H2(t)) ≡ 0. (5.1)
In A, PM (t), the positive component of the pressure associated with ordinary non-dark
energy mass, was defined as P (t)− PΛ. Here the notation has been changed so that the
M subscript is replaced with the G subscript, PG(t) = PM (t), an improved designation
for the pressure produced by the non-dark energy material component of the universe.
It follows from equation (5.1) with the total pressure P (t) = PG(t) + PΛ that
ρG(t) = (3/(8πG))(H
2(t)− 3(c/RΛ)
2) (5.2)
PG(t) = P (t)− PΛ (5.3)
= c2ρG(t)/3 + (−c
2/(8πG))H2(t) + (6c2/(8πG))(c/RΛ)
2 (5.4)
using equation (3.16). Then as we have both PG(t) and ρG(t) for this component, we
can write down the equation of state for this component as
PG(t)/(c
2ρG(t)) = 1/3− (c
2/(8πG))/(3c2/(8πG))
+ (c/RΛ)
2/(H2(t)− 3(c/RΛ)
2) (5.5)
= 1/3− 1/3 + 1/(coth2(3ct/(2RΛ))− 3) (5.6)
= 1/(coth2(3ct/(2RΛ))− 3) = ωG(t). (5.7)
The equation of state for the density, ρ(t), is given by equation (5.1) in either of the
forms,
P (t) = 0 (5.8)
ρG(t) = (3/(8πG))(H
2(t)− 3(c/RΛ)
2) (5.9)
and because of the identically zero value of P (t) an ω value is not defined. The equation
of state for the dark energy component is given by equation A(4.50) as
ωΛ = PΛ/(c
2ρΛ) = −(3c
2/(8πG))(c/RΛ)
2/(c2ρΛ) (5.10)
= −1. (5.11)
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6 Conclusions
The cosmological model developed in A and further amplified here is rigorously a so-
lution to the full set of Einstein’s field equations of general relativity via the Friedman
equations. The model also satisfies exactly the recent measurements by the astronomical
dark energy workers. The model is mathematically complete as all the essential physi-
cal functions for, scale, velocity, acceleration, and Hubble’s not so constant are given in
closed form. The equations of state are obtained for the total positive G or non-dark
energy density, ρ(t); the dark energy density, ρΛ, used originally by Einstein and a total
gravitationally weighted mass density, ρG(t), are given in closed form. One difference
from the usual physical interpretation is that the dark energy material is associated with
a density, ρ†Λ, twice the usual density that Einstein used. Thus if this density is used to
replace the Einstein density in the equation of state (5.11) for dark energy, the −1 would
be replaced with −1/2. This difference has radical consequences for the understanding
of the whole physical structure of the theory. In particular, it implies that there is twice
a much dark energy material present as hitherto has been thought to be present. An-
other major interpretational consequence is that dark energy material is positive mass
that carries a negative valued, -G, characteristic property. With regard to the often
suggested mystery that the enormous amount of dark energy present cannot be seen, a
calculation of the density value of ρ†Λ shows it to be about the equivalent of less than
nine protons or hydrogen atoms per cubic meter. No wonder it cannot be seen. It is
also the case that if all the observable mass where un-clumped from being galaxies and
spread uniformly throughout the universe it also would be unobservable. The flatness of
the model means that the expanding universe can be regarded simply as an expanding
3-sphere enveloping more dark energy as it increases in radius. Thus as this density is an
absolute constant this increase must come from the regions outside the universe’s spher-
ical boundary. Thus dark energy is more than just a characteristic of the interior of the
universe, it extends uniformly out into the three dimensional enveloping space into which
the universe is expanding. It is hyper-universal. It is my contention that the astronomi-
cal measurements[1] together with the inevitably following general relativity theoretical
model derived in A[23] and further developed in this paper constitute proof that there
exists throughout the universe and beyond extending into all hyperspace positive mass
with a negative gravitational characteristic, −G, additional to the rest of the universe of
swarming galaxies largely controlled locally by positive G.
7 Appendix 1
Newtonian Limit of
Einstein’s Field Equations
Dark Matter and Dark Energy
with Einstein’s Lambda
December 9 2009
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8 Appendix 1 Abstract
The stress energy momentum tensor with its invariant contracted scalar from Einstein’s
field equations are used to show that the pressure term they involve is responsible for
inducing additional mass density above that which is historically thought to be present.
This has significant consequences for both the dark matter and dark energy problems.
The additional material in the case of normally gravitating material might reasonably be
taken to be the missing dark matter required for the stability of galaxies. The negative
pressure of the dark energy is shown to induce just the right amount of extra negatively
gravitating material to account for its usually assumed equation of state and also con-
firming the physical dark energy density I have deduced as being present in astrospace
in earlier papers.
9 Appendix 1 Introduction
The work to be described in this paper is an application of the cosmological model
introduced in the papers A Dust Universe Solution to the Dark Energy Problem [23],
Existence of Negative Gravity Material. Identification of Dark Energy [24] and Ther-
modynamics of a Dust Universe [33]. All of this work and its applications has its
origin in the studies of Einstein’s general relativity in the Friedman equations con-
text to be found in references ([16],[22],[21],[20],[19],[18],[4],[23]) and similarly motivated
work in references ([10],[9],[8],[7],[5]) and ([12],[13],[14],[15],[7],[25],[3]). The applica-
tions can be found in ([23],[24],[33],[37],[35][41]). Other useful sources of information
are ([17],[3],[31],[27],[30],[29]) with the measurement essentials coming from references
([1],[2],[11],[38]). Further references will be mentioned as necessary.
10 Einstein’s Lambda
Einstein presented his field equation for general relativity in 1915, ten years after the
publication of his special theory of relativity which, as its name implies, was all about
observers views from frames of reference in relative motion and this replaced the precur-
sor Newton’s Theory of dynamics. The big jump from the special theory to the general
theory was that gravitation was incorporated into the simple space time geometrical
structure of the special theory to produce a much more involved space time geometry.
Thus general relativity replaced Newton’s Theory of Gravity. However, you look at these
developments one thing is certain, the evolution of theory must involve the more ad-
vanced forms reducing to the less advanced forms under some approximation conditions.
Only if theory develops under such a constraint, can we be sure that the evolution process
is consistent and built on sound foundations. There are other important constraints on
theory evolution, the most important of which is theoretical agreement with measure-
ment. Here we consider a case of the first mentioned, limiting consistency with earlier
theory. In particular, I shall examine an important aspect of the extensively studied
Newtonian limit of general relativity. This limit is discussed in detail in all the serious
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textbooks on general relativity with correct mathematical and physical analysis. How-
ever, it seems to me that they all miss important consequences that can be seen from a
careful and possibly alternative interpretation of the physics of that limit. One of these
missed consequences involves the Lambda term and its involved pressure and the other
missed consequence is about the normal mass density contribution and its involvement
with pressure. The first issue is the question of the theoretical amount of physical dark
energy density that is present as the vacuum state of three space. This aspect is studied
in this paper using the Einstein field equations together with the Friedman equations
rather than as in earlier work when I used the Friedman equations exclusively. The sec-
ond missed consequence could supply a general relativistic explanation for the missing
dark matter problem and essentially falls out from the first Λ issue.
Einstein’s fundamental and brilliant idea in writing down his field equations was to
make a connection between physical conditions in space time as given by the stress energy
momentum tensor, Tµν , with a geometrical interpretation of these conditions as given
by the geometrical structure terms on the left hand side of the equation. See reference
(11.1) . Thus the right hand side is essentially input with the left hand side describing
an output geometrical pattern explanation of the input physical structure on the right.
Clearly, however, the introduction of the Lambda term, (11.2), does complicate this
simple input-output relationship idea because mathematically the Lambda term could
be transposed to the right hand side and then be regarded as actually a contribution
to the physical input rather than to the geometry. Either side will do for this term in
its raw form as ±gµνΛ with, of course, the appropriate sign. However, if it is put on
the right hand side there is a temptation to interpret it as being the consequence of a
physical space density additional to the physical input tensor −κTµν and of the same
form such as −κT0,µν but with the extra 0 subscript to distinguish it. Λ would then
acquire a simple physical interpretation in terms of an additional energy density ρ0, the
(44) component of T0,µν . Consequently we would get
− gµνΛ = −κT0,µν. (10.1)
The (44) term of Tµν is c
2ρ and the (44) term of gµν is = 1 so that (10.1) would imply
Λ = κT0,44 = κc
2ρ0 (10.2)
and with κ as usual identified as
κ = 8πG/c4 (10.3)
the conclusion is that
ρ0 =
Λc2
8πG
. (10.4)
Readers familiar with this area of study will recognise (10.4) as giving the value of the
constant physical density that Einstein actually chose to account for the addition of his
Lambda term in his field equations. I think it is important to understand that the above
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argument leading to the result (10.4) is completely correct if the original question to be
answered is taken to be the following. What value of the (44) term of a stress energy
momentum tensor on the right is required to correctly represent the newly introduced
Lambda term on the left? I expect that Einstein’s derivation of (10.4) was finding the
answer to the above question in his original reasoning which led to his result. However,
a different answer is obtained from a closer study of the field equations if the following
alternative question is asked. What is the value of physical energy density in three space
implied by the addition of the Einstein Lambda term on the left? This last question will
be answered in the following pages.
11 Einstein’s Field Equations
The first tensor equation that Einstein proposed in 1915 embodying the general theory
was,
Rµν −
1
2
gµνR = −κTµν . (11.1)
Later, 1917, he modified this with the addition of the so called Lambda, Λ, term so that
his equation became
Rµν −
1
2
gµνR + gµνΛ = −κTµν . (11.2)
The right hand side of this equation is the stress energy momentum tensor, Tµν multiplied
by a negative constant −κ which can be evaluated on the basis of the assumption that
Newtonian gravitation theory is a limiting consequence of these equations. The term
Rµν is the Ricci curvature tensor and the term R is a scalar invariant obtained from the
Ricci tensor. The term gµν is the metric tensor which in special relativity has the form
and components which can be taken to be given by
gµν = diag(−1,−1,−1,+1). (11.3)
The stress energy momentum tensor, describing as it does the local conditions of a
physical continuous medium of some sort or other, is in general a very complicated
mathematical physical object and only in the cases of a limited number of actual physical
structures has it been used as a source term in Einstein’s field equations to yield a
reasonable geometric structure describable by the left hand side of the field equations.
One such physical situation that is viable is what is called a perfect fluid which using
special relativity and the assumption that such a fluid will have no internal stresses other
than just pressure, P , Tµν can be expressed in the form
Tµν = gµσgνζ
(
ρ+
P
c2
)
dxσ
ds
dxζ
ds
− Pgµν . (11.4)
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If the local material described by the Tµν has no 3-dimensionsl macroscopic movement,
then the 4-dimensional velocity vectors in the expression (11.4) can be replaced by ve-
locity vectors of the form,
dxσ
ds
= (0, 0, 0, c). (11.5)
to give
Tµν = gµσgνζ
(
ρ+
P
c2
)
c2 − Pgµν . (11.6)
Thus we can read off from this that all component with ν 6= µ are given by the first entry
below as being zero. The elements with ν = µ 6= 4 are given by the second, third and
fourth entries below. The (44) component is give as c2ρ at the fifth entry below.
Tµν = 0, ν 6= µ (11.7)
T11 = P (11.8)
T22 = P (11.9)
T33 = P (11.10)
T44 = c
2ρ. (11.11)
Thus the stress energy momentum tensor in the limiting situation chosen can be repre-
sented by the diagonal matrix
Tµν = diag(P, P, P, c
2ρ) (11.12)
and the trace of this matrix called T which is the sum of these diagonal elements is the
invariant scalar or zero order tensor,
T = 3P + c2ρ = c2(3P/c2 + ρ). (11.13)
From this we see that in general T involves adding to the energy density an extra energy
density 3P or equivalently adding to the mass density an extra mass density 3P/c2. It is
well known that in relativity cosmological pressure is an additional contribution to mass
density that modifies the mass density and so makes an extra relativistic contribution
to Newton’s law of gravitation. Thus an effective physical mass density is generated of
amount ρeff = 3P/c
2+ρ. This is most easily seen from an equation that can be obtained
from the Friedman equation for the acceleration field due to density. This equation is
r¨
r
=
Λc2
3
−
4πG
3
(
ρ+
3P
c2
)
(11.14)
and includes a contribution from the Lambda term, Λc2. This is a very important
equation in relation to the acceleration due to gravity at radius r and how that depends
on the mass density term ρ. Clearly, the pressure term 3P/c2 adds to the mass density
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to produce an effective or physical mass density 3P/c2 + ρ, the same addition we noted
above in the invariant tensor T derived from the full Tµν by contraction. This makes
an extra contribution to the acceleration caused by gravity due to the mass density that
occurs in Newtonian theory and indeed is a relativistic contribution that has been known
about for years. This extra term makes very good sense in the density context and can
be explained as follows. Suppose we wish to determine the magnitude of the acceleration
ag due to gravity at some distance from a galaxy of total mass mg using the Newtonian
inverse square law formula,
ag = −
mgG
r2
. (11.15)
The minus sign in the above incorporates the fact that the acceleration is normally
always towards the source of gravitational force. This formula will only be useful if we
can find a value to give to the mass symbol mg of the galaxy. However, galaxies are
greatly diverse objects and their masses are obviously not just the sum of the masses of
their individual component stars and planets. All the components of a galaxy are held
together in relative motions or at rest by forces in the very simplest picture. All such
forces and motions will modify the simple sum of mass components. A very simplified
type picture of a galaxy is a gas or a fluid with interacting particles so that the stress
energy tensor used above does fit the bill and reduces our options in general relativity
to that form. However, it should be clear that the stress energy momentum tensor can
only be an hyper idealisation of the structure it represents, essentially smoothing out all
the complications into the two entities density and pressure. Thus we have little choice
but to describe a galaxy using a density function and a pressure term. Also we need to
recognise that a galaxy will need to have some sort of bounded spherical volume vg, say,
within which its mass density will account for all its mass and outside which the galaxy
will have no mass. The frame of reference in which we wish to study the acceleration
determines the frame of reference in which the source will be taken to be at rest and I
think it is clear that in this frame the mass mg = ρeffvg should be called the rest mass
of the galaxy and as with rest mass in the case of elementary particles, in this frame,
the galaxy will have no total overall motion but it can have the local type of random
motions that are responsible for pressure as in the gas analogy, the contribution to the
pressure term being strictly internal. Clearly the frame invariant T term is just what is
needed to emulate the frame invariant rest mass of an elementary particle.
Returning to the equation for acceleration (11.14) we can see that the negative ac-
celeration is reinforced by the additional positive pressure term 3P/c2. That is to say
it helps holds the system together. This aspect prompts me to speculate that such an
addition to the mass of a galaxy could be just what is needed to explain Dark Matter .
This is the extra mass on top of the usually assumed amount of visible mass due to
average density calculations or mass density that is required to balance the dynamical
bookkeeping. However, as we have seen, it would require a non zero pressure which as
it stands is not a property of my dust universe model. However, I think having spatially
extended regions, galaxies, scattered throughout the universe in which pressure is not
zero whilst in the massively larger regions between them in which pressure is zero would
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be allowable with the overall effect being a dust universe. This is because the term in-
volved in the acceleration formula is that due to normally gravitating material in which
extra energy due to pressure would clump together with the density by which it was in-
duced. Clearly this argument does not apply to the Λ term because that is self repulsive
material that does not clump and so the extra density due to pressure would disperse
uniformly throughout space as is its origin density. As far as I know, this explanation
for the existence of dark matter has not appeared before in spite of the mathematical
physical structure concerned in general relativity having been known about for many
years, see Rindler on pressure page 395([16]).
It is possible to further simplify Tµν by introducing the concept of equation of state
for the fluid motion which is an equation expressing the pressure linearly as a function
density similar to an equation used in thermodynamics, P = RT/V , taking ρ to have
the mass density RT/(V c2ω). The standard form for this equation of state as used in
cosmology is
P
c2
= ρω, (11.16)
where ω is a dimensionless quantity with a numerical value that is determined by the
physical character of the system, it can be negative, zero or positive. If the fluid particles
are photons it has the value 1/3. If the fluid particles are what is called dust that is to
say they exert no fluid pressure it has the value 0. If the fluid particles exerts a negative
pressure it has to have a negative value, ωΛ = −1 =⇒ P = c
2ωΛρλ, assuming that
density is always positive. Thus in these three cases explained above the pressure P can
be replaced in favour of ρ so that the stress energy momentum tensor invariant scalar, T,
at (11.13) can be put into the forms listed below. The original formula (11.13) given first
then the case with substitution for the pressure in the general case, P = c2ρw. Next the
case with the pressure substitution for the photon case, ω = 1/3. Next with the pressure
substitution for the dust case, P = 0 and finally the case with pressure substitution for
the negative pressure case, ω = −1.
T = c2(3P/c2 + ρ), originalformula (11.17)
Tg = c
2ρ(3ω + 1), general (11.18)
Tp = 2c
2ρ, photons (11.19)
Td = c
2ρ, dust (11.20)
Tn = −2c
2ρ, negative pressure. (11.21)
Using the original formula at (11.17), equation (11.14) can be expressed as
r¨
r
=
Λc2
3
−
4πGT
3c2
. (11.22)
From (11.21) it can be seen that we can account for the Λ term by making an identification
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with the appropriate, Tn, as exists with the T term as follows
Λc2 = −
4πGTn
c2
(11.23)
= −
4πG(−2c2)ρ
c2
(11.24)
= 8πGρ. (11.25)
Clearly ρ above is Einstein’s, ρΛ,E = Λc
2/(8πG), but in the acceleration formula the
Lambda term should be represented as
Λc2
3
=
4πG× 2ρ
3
, (11.26)
indicating that twice Einstein’s dark energy, ρ†Λ = 2ρΛ,E , is the physical energy density
that causes the acceleration. In reference ([23]), I showed that the general relativistic
version for acceleration due to gravity for a mass MU embedded in and permeated by an
infinitely extended uniformly field of Λ dark energy corresponds exactly to the Newtonian
inverse square law form provided, the Lambda density is taken to be ρ†λ. This is easily
derivable from (11.22).
r¨
r
= 4πr3G(ρ†Λ − ρ)/(3r
2) (11.27)
= M †ΛG/r
2 −MUG/r
2 (11.28)
M †Λ = 4πr
3ρ†Λ/3 (11.29)
MU = 4πr
3ρ/3. (11.30)
12 Appendix 1 Conclusions
Using the physical information source term, Tµν , from Einstein’s field equations for gen-
eral relativity and its invariant scalar contraction, T , I have reappraised the significance
of the pressure variable P that occurs therein. I make use of well known and well es-
tablished formulae which shows that the cosmological pressure P measures induced mass
density additional to the mass density that is described by the 44 component of Tµν . This
is achieved using the well known details of the Newtonian limit of general relativity. In
the case of Einstien’s Lambda term, I use the same structured argument to show that the
negative pressure associated with the lambda term similarly induces an additional den-
sity contribution so doubling up to the amount of dark energy to give for the physically
present amount ρ†Λ = 2Λc
2/(8πG) or twice Einstein’s value. This is equal to the value
I have used for dark energy density in the papers in the sequence preceding this paper,
there deduced by exclusively using the Friedman equations. I suggest that the increased
amount of density implied for the density of normally gravitating material induced by
its pressure could account for the missing dark matter an issue that greatly exercises the
astronomical community. Both of these additional dark mass energy contributions could
well have some bearing on the Pioneer anomaly problem.
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14 Appendix 2 Abstract
In this paper, a derivation of the basic gas self-gravity equilibrium equation is carried
through in detail using a totally Newtonian macroscopic view of the problem. The
standard derivation involves a mixed local microscopic and macroscopic approach. Con-
sequently the final equation obtained here differs subtly but significantly from the usual
formula. This is achieved by formulating the self gravitating action in Newtonian terms
with both the gravitating source part and gravitated object part of the system both
described macroscopically. This approach has the effect of giving thrust precedence over
local pressure and thus taking into account the geometrically extended character of a
spherical distribution. The equilibrium condition is obtained carefully taking into ac-
count that the source gravitation field will effectively act at the mass centroid of any
object spherical shell. The mathematics of this is worked out in detail and the new
equilibrium equation is obtained. The steps in the usual standard derivation are given
to arrive at the standard equation. Solutions of the standard and new equation are
obtained and comparisons are made. It is suggested that solutions of the new version
of the equilibrium equation may be more appropriate for modelling galactic halos than
were the standard solutions. It is also suggested that, if the new version of gas gravity
equilibrium theory is accepted, then the Lane-Emden solutions that arise in this context
from the standard approach will need to be reappraised in terms of the new derivation
and its solutions.
Keywords: Cosmology, Dust Universe, Dark Energy, Dark matter
Cosmological Constant, Friedman Equations, Galactic Halo
Isothermal Sphere, Newton’s Gravitation constant
PACS Nos.: 98.80.-k, 98.80.Es, 98.80.Jk, 98.80.Qc
15 Appendix 2 Introduction
In a recent paper, appendix 2 of ([35]), I have made the case that the pressure term in
Einstein’s general relativity can account for the very large amount of matter that seems
to missing when current astrophysics theory is used to study galactic kinematics and
dynamics. It is generally assumed that the missing matter resides in the halos associated
with galaxies or groups of galaxies. It is also generally agreed that the material of which
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these halos are formed is invisible in the sense that it does not emit or reflect light
and so cannot be seen in the usual optical telescopes. The exact physical identity of this
material is consequently considered to be a big mystery. A large range of macroscopic and
microscopic objects have been suggested as possible candidates to represent this missing
material but so far no consensus has emerged. Although I am claiming that Einstein’s
pressure term can account for the amount of missing mass, I have made no identification
of the actual physical nature or particle type that may be involved. The work in this paper
was originally aimed at an identification of the possible dark mater halos as composed
of a gas like substance spread out over large distances and held in place by its own
positively self gravitating character. However, when I looked into the basic physics and
mathematics [47] which is usually used to describe self gravitation equilibrium in astro-
physics, I found a possible significant and interesting possible deviation from the standard
theory. This deviation implies that all the work in astrophysics on the isothermal sphere
problem and its offshoots such as the Lane-Emden equation and its polytropic solutions
may need some substantial interpretational revision.
16 Galactic Gas Halo
Consider a spherical volume of astronomical 3-space within which any external gravita-
tional influence is negligible but which does contain only some specific gas like material
under its own gravitational influence. The first question that arises from this idea is, can
such a system be in static equilibrium? This issue I shall now investigate using Newtonian
gravitation theory with the simple gas dynamics theory of the ideal gas equation. I shall
also assume the gas is compressible and is described by a mass density function, ̺(r),
only dependent on radial distance r from the centre of the sphere, with a temperature
which remains constant throughout the whole volume of the sphere. The density function
I shall be using, ̺(r), mostly in this work is mass density per unit radius and I shall call it
the one dimensional density. Its relation to the usual mass density function, ̺′(r), mass
per unit volume which I shall call the three dimensional density, distinguished here by
the subscripted prime, is ̺(r) = 4πr2̺′(r), valid when the density is purely spherically
symmetric. This papers develops the gas self gravity problem along different lines from
that which is usually employed with rather subtle but significant differences from the
usual theory emerging. This different point of view of the problem is fully macroscopi-
cally orientated rather than partly local microscopic as is the usual point of view. This
difference which will be explained in more detail later is partly implemented by my use
of the one dimensional density, ̺, rather than the three dimension density, ̺′, and will
become clearer as the theory is developed. Thus to avoid confusion with the standard
theory I shall use the var-ρ version, ̺(r), for density when discussion the new theory
and revert to the usual form ρ(r) when discussing the standard theory. The assumption
confining the mass density to spherical symmetry is simply to reduce the complexity
of the problem. Because of the space variable, r, involved the system implied by the
description is of a inhomogeneous type. The system to be studied here is also extremely
non-linear. Such systems are best described by pure non-dimensioned parameters and
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can be very involved mathematically. Thus to avoid one of dimensionality problems that
can arise, I shall settle the way functions of the usual dimensioned space variable, r, are
defined at the start as explained next. Suppose that r is the usual length dimensioned
position variable that is often used to represent radial distance from the origin as it would
appear in the three dimensioned density ̺′(r). The r parameter can be replaced with a
dimensionless radius variable r´ = r/r0 where r0 is any suitable dimensioned length with
̺′ replaced with ̺′,0, where 0 is a temporary subscript, zero, representing a change in
functional form, as below at (16.1) so that
̺′(r) = ̺′(r´r0) = ̺′,0(r´) = ̺′,0(r/r0) (16.1)
∂̺′(r)
∂r
=
∂̺′,0(r/r0)
∂r
=
∂̺′,0(r/r0)
∂(r/r0)r0
=
∂̺′,0(r/r0)
∂r
(16.2)∫ rd
0
̺′(r)dr =
∫ rd
0
̺′,0(r´r0)d(r´r0) =
∫ rd
0
̺′,0(r
′)dr′, (16.3)
where after the last equality above r′ is a dummy variable as is the r in the first entry
at the line above. The simple ideal gas equation written below is usually not directly
applicable when inhomogeneous systems are involved as normally the gas density, ̺′, will
not depend on position within the gas container.
P =
̺′RT
M
(16.4)
= ̺′c
2ω = σ2̺′ (16.5)
ω ≡
RT
Mc2
. (16.6)
Equation (16.5) gives the usual cosmological version of the relation between pressure and
density and equation (16.6) identifies ω = (σ/c)2 when the system obeys the ideal gas
equation law. However, we can bypass the non-applicability problem by the procedures
discussed in the next few pages.
Consider a concentric sphere with radius r within the extent of a spherical gas distri-
bution. The surface area of this sphere will be 4πr2. Assuming there is a definite density
function, ̺(r), mass per unit radius giving the mass density at all radial positions r, we
can write down the exact amount of mass M(rd, ru) between two concentric spheres of
radii rd and ru with r-up greater than r-down, ru > rd, as follows
M(rd, ru) =
∫ ru
rd
̺(r)dr. (16.7)
Using this formula, we can also write down the total quantity of mass within the sphere
of radius r-down as follows
M(0, rd) =
∫ rd
0
̺(r)dr. (16.8)
Both of these quantities of mass involve mass over a great extent of the entire sphere
and so I shall designate them as macroscopic quantities rather than local quantities in
16
contrast with local quantities would only involve mass in the vicinity of a definite point.
The mass within the annular region between rd and ru will have radial mass centroid,
at a radius rc say, with rd < rc < ru determined by the mass density function density
̺(r). Thus there will be an effective Newtonian gravitational square law force, FG(rc), of
attraction acting effectively at the centroidal position rc on the annular region between
rd and ru from all the mass within the rd sphere of magnitude
FG(rc) = −
M(rd, ru)M(0, rd)G
r2c
. (16.9)
If the mass quantity, M(rd, ru), subject to this gravitational pull were not otherwise
constrained it would experience, according to Newtonian theory, a radial inwards accel-
eration due to gravity of amount given by r¨c below
FG(rc) = M(rd, ru)r¨c. (16.10)
However, the gaseous material enclosed by the rd, ru radii is subject also to a force thrust
FP (rd) at the rd surface due to pressure, P (rd), away from the origin from material below
and a force thrust due to pressure, P (ru), towards the origin from material above the
annular region. These thrusts also an aspect of a macroscopic view will be determined
by the surface areas of the bounding spheres times the local pressures as
FP (rd) = +4πr
2
dP (rd) (16.11)
FP (ru) = −4πr
2
uP (ru). (16.12)
It follows that there can be taken to be a resultant thrust from pressure away from the
origin, FP (rc), due to pressure on the annulus rd, ru acting at a mean or centroidal radius
rc given by
FP (rc) = FP (rd) + FP (ru) > 0 (16.13)
and as indicated this needs to be positive, away from the origin, if equilibrium between
the gravity effect, assumed acting negatively or towards the origin, and the pressure effect
is to occur. FP (rc) can be expressed exactly as the integral below
FP (rc) = F (rd) + F (ru) = −
∫ ru
rd
∂(4πr2P (r))
∂r
dr (16.14)
because ru > rd. Thus for a static system to pertain the upward thrust due to pressure
must balance the downward force due to gravity implying
FP (rc) + FG(rc) = 0 (16.15)
and this is an exact statement from classical Newtonian theory with the usual under-
standing of the meaning of the term pressure. Writing out this equilibrium equation in
detail using (16.8), (16.9) and (16.14),we obtain∫ ru
rd
∂(4πr2P (r))
∂r
dr +
G
∫ ru
rd
̺(r)dr
∫ rd
0
̺(r)dr
r2c
= 0 (16.16)
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whereas in the non equilibrium case we obtain, the exact form
∫ ru
rd
∂(4πr2P (r))
∂r
dr +
G
∫ ru
rd
̺(r)dr
∫ rd
0 ̺(r)dr
r2c
= +r¨
∫ ru
rd
̺(r)dr. (16.17)
I shall from now on confine discussion to the equilibrium case (16.16). An inspection of
that equation reveals a dependence on two independent radius variables ru and rd and
on a further radial variable rc which is the radial density mean of the first two and so
can be expressed as
rc(rd, ru)
∫ ru
rd
̺(r)dr =
∫ ru
rd
r̺(r)dr (16.18)
∂rc(rd, ru)
∂ru
∫ ru
rd
̺(r)dr + rc(rd, ru)̺(ru) = ru̺(ru) (16.19)
∂rc(rd, ru)
∂rd
∫ ru
rd
̺(r)dr − rc(rd, ru)̺(rd) = −rd̺(rd). (16.20)
The objective is to find the differential equation for ̺(r) implied by the integral equation
(16.16). This will involve differentiating through the equation by either ru or rd to undo
the integrations. Thus if in proceeding on that course we encounter terms involving
functions of the two variables other than as integral limits such as the r−2c (ru, rd) in
(16.17), they will have to be differentiated taking into account the formula (16.18). In
anticipation of this complication suppose we encounter a differentiable function f(rc). If
we differentiate this with respect to ru for example, we get
∂f(rc)
∂ru
= f˙(rc)
∂rc(rd, ru)
∂ru
(16.21)
= f˙(rc)
(ru − rc(rd, ru))̺(ru)∫ ru
rd
̺(r)dr
(16.22)
lim
rd→ru
∂f(rc)
∂ru
→ f˙(ru)
(ru − rc(rd, ru))̺(ru)
(ru − rd)̺(rc)
(16.23)
→ f˙(ru) (16.24)
Em(ru) =
∂rc(rd, ru)
∂ru
=
(ru − rc(rd, ru))̺(ru)∫ ru
rd
̺(r)dr
(16.25)
lim
rd→ru
∂rc(rd, ru)
∂ru
→ 1 (16.26)
The last two lines above arise from taking the limit rd approaching ru when effectively
rc approaches ru from below and rd from above. Thus the prescription for dealing
with functions such as f(rc) is differentiate with respect to its argument rc to get the
result (16.22) and in the final result after all differentiations take the limit rd → ru to
replace rc with ru in f˙(ru) and remove the extraneous multiplier of f˙(ru) at (16.23).
The extraneous multiplier Em(ru) for the first differentiation with respect to ru has been
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recorded at 16.25 for future reference. The result of a first differentiation through of
(16.16) by ru before taking any limits is
4π
∂(r2uP (ru))
∂ru
+
G̺(ru)
∫ rd
0
̺(r)dr
r2c (rd, ru)
− 2
G
∫ ru
rd
̺(r)dr
∫ rd
0
̺(r)drEm(ru)
r3c (rd, ru)
.
= 0 (16.27)
Looking back at the definition of Em(ru) at (16.25), we see that this last equation can
be simplified through the following equation and then further to (16.29)
4π
∂(r2uP (ru))
∂ru
+
G̺(ru)
∫ rd
0
̺(r)dr
r2c (rd, ru)
− 2
G(ru − rc(rd, ru))̺(ru)
∫ rd
0
̺(r)dr
r3c (rd, ru)
= 0 (16.28)
4π
∂(r2uP (ru))
∂ru
−
(
2ru
r3c (rd, ru)
−
3
r2c (rd, ru)
)
G̺(ru)
∫ rd
0
̺(r)dr
= 0. (16.29)
Inspection of this last equation shows that if the limit rd → ru is taken which as we have
seen involves rc → ru from below, we obtain the equation
4π
∂(r2uP (ru))
∂ru
+
(
G̺(ru)
r2u
)∫ ru
0
̺(r)dr = 0. (16.30)
Replacing P (ru) with the ideal gas equation form, P (ru) = c
2̺′(ru)ω(ru), and then
expanding, we have
2ru̺′(ru)ω(ru) + r
2
u
∂̺′(ru)
∂ru
ω(ru) + r
2
u̺′(ru)
∂ω(ru)
∂ru
+
G̺(ru)
4πc2r2u
∫ ru
0
̺(r)dr
= 0. (16.31)
Replacing the ̺′(ru) = ̺(ru)/(4πr
2
u) density with its form in terms of ̺(ru) we get
2ru
̺(ru)
4πr2u
ω(ru) +
(
∂̺(ru)
∂ru
−
2̺(ru)
ru
)
ω(ru)
4π
+ r2u
̺(ru)
4πr2u
∂ω(ru)
∂ru
+
G̺(ru)
4πc2r2u
∫ ru
0
̺(r)dr = 0. (16.32)
This last equation can be expressed as
2
̺(ru)
ru
ω(ru) +
(
∂̺(ru)
∂ru
−
2̺(ru)
ru
)
ω(ru)
+ ̺(ru)
∂ω(ru)
∂ru
+
G̺(ru)
c2r2u
∫ ru
0
̺(r)dr = 0. (16.33)
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The equation above arises from the assumption that the form of the equation of state
for the system involves the dimensionless quantity ω depending on the variable ru. I
shall here make the next step here by using the more restrictive assumption that ω is
a constant which is effectively the same as taking the temperature as being constant
throughout the gas mass distribution. I shall possibly return to the more general case
at a later date. Under this restriction and having multiplied through by r2u the equation
takes the form
+
(
∂ ln(̺(ru))
∂ru
)
= −
G
ωr2uc
2
∫ ru
0
̺(r)dr (16.34)
which I shall refer to as the fundamental ̺ self gravity equilibrium gas density equation.
This can be differentiated with respect to ru to give
2ru
∂ ln(̺(ru))
∂ru
+ r2u
∂2 ln(̺(ru))
∂r2u
= −
G
c2ω
̺(ru) = − ´̺(ru). (16.35)
It looks as though it might be more easily integrated if ln ´̺(ru) which differs from
ln(̺(ru)) by a constant as can be seen from (16.35) is denoted by the dimensionless
quantity X(ru) = ln ´̺(ru) and then the equation is written in the form
r2u
∂2X(ru)
∂r2u
+ 2ru
∂X(ru)
∂ru
= − exp(X(ru)). (16.36)
In the step from equation (16.35) to equation (16.36) we have avoided obtaining an
equation that is dimensionally dubious by introduce a dimensionless density function
denoted by the acute accent sign indicating that it is dimensionless and also by denoting
ln ´̺(ru) by X(ru) as follows
´̺(ru) =
G
c2ω
̺(ru) (16.37)
X(ru) = ln ´̺(ru) = ln ̺(ru) + ln(
G
c2ω
) (16.38)
∂X(ru)
∂ru
=
∂ ln ̺(ru)
∂ru
=
∂ ln ´̺(ru)
∂ru
(16.39)
with the last two equations a consequence of the first so that now equation (16.36) can
be written as follows
r2u
∂2X(ru)
∂r2u
+ 2ru
∂X(ru)
∂ru
= − ´̺(ru) = − exp(X(ru)). (16.40)
Only ru appears in this equation so that the subscript u can from now on be dropped
and at the same time the ru variable can be replaced with a dimensionless radius variable
r´ = ru/r0 where r0 is any suitable dimensioned length with alsoX(ru) and ´̺(ru) replaced
with X(r´) and ´̺(r´) respectively as discussed earlier so that
X(ru) = X(r´r0) → X(r´) (16.41)
´̺(ru) = ´̺(r´r0) → ´̺(r´) (16.42)
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and then the equation simplifies through (16.43) to (16.44).
r2
∂2X(r)
∂r2
+ 2r
∂X(r)
∂r
= − ´̺(r) = − exp(X(r)). (16.43)
∂
∂r
(
r2
∂ln ´̺(r)
∂r
)
= − ´̺(r) = −
4πr20G
c2ω
r2̺′(r), (16.44)
where the acute sign on the r´ has been dropped on the understanding that r from
now on will represent a dimensionless parameter. Equation (16.43) or (16.44) is now
dimensionally unambiguous in all respects. We should note for future reference, the
structure of equation (16.44) because this replaces the equation in the standard theory
that is used by transforming variables to deduce the Lane-Emden equation and so claim
that the Lane-Emden equation solutions also satisfy the gravitational thermal equilibrium
equation solutions. This structure can be described as follows. Equation (16.44) is the
basic thermal equilibrium equation that arises from the alternative fully macroscopic
derivation used in the paper. It should be noticed that the non-linear differential equation
(16.44) involves r2 both within the operand of first differentiation with respect to r on
the far left and also on the far right hand side as a multiplier outside the differentiated
zone, with ´̺ appearing within the differentiation zone and also outside the differentiation
zone after the first equality. Importantly, r2 and the same density function do not appear
together inside the differentiation zone and outside the differentiation zone which ever
equality is used to express the relation. These remarks should be compared with the
remarks after equation (17.10).
The issue now is the mathematical problem of finding the solution of the non linear
differential equation (16.43) or with its rearranged form with X(r) = ln ´̺(r) at (16.44).
It can be seen that an immediate formal integral is given by
∂ ln ´̺(r)
∂r
= −
1
r2
∫ r
0
´̺(r′)dr′ = −
G
c2ωr2
∫ r
0
̺(r′)dr′. (16.45)
Equation (16.45) is not a surprising result as it is just one of the originating equations for
the alternative structure, the fundamental self gravity equilibrium gas density equation.
This last equation can be taken back further towards physical basics by writing it as
´̺(r) = ´̺(0) exp
(
−
∫ r
0
GM(r′)dr′
c2ωr′2
)
(16.46)
M(r) =
∫ r
0
̺(r′)dr′ (16.47)
and if we define the gravitational potential Φ(r) simultaneously restoring its dimension-
ality with the multiplied σ2 as
Φ(r) = σ2
∫ r
0
GM(r′)dr′
c2ωr′2
(16.48)
then the dimensionless density ´̺ of the alternative structure becomes
´̺(r) = ´̺(0) exp
(
−
Φ(r)
σ2
)
. (16.49)
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Thus the one dimensional density, ´̺(r), of this derivation is of the same it form as
the three dimensional density of the standard solution, ρ′(r), at (17.22) except for the
different gravitational potential functions. Let us next look in more detail at how these
steps and this equation relates to known solutions of the gas gravity equilibrium problem.
The usual differential equation for the spherical gravity equilibrium problem is derived
as follows.
17 The Standard Equations
The standard equations used to study the gas gravity equilibrium problem are very well
established and derive entirely from continuum classical fluid dynamics. The starting
point in the derivation process can be taken to be two equations, Euler’s equation and
the equation that defines the gravitational potential Φ in the fluid context, the first two
equations displayed consecutively below. Equation (17.3) defines the fluid vorticity Ω.
∂v
∂t
+
1
2
∇(v2)− v ∧Ω = −
∇P
̺′
−∇Φ (17.1)
∇2Φ = 4πG̺′ (17.2)
Ω = ∇ ∧ v. (17.3)
It follows that if we confine attention to the completely static equilibrium situation such
that v = 0 then the Euler equation simplifies to the line below and this is followed by
the result of further applying the divergence operator ∇· at (17.5).
0 = −
∇P
̺′
−∇Φ (17.4)
∇·
(
∇P
̺′
)
= −∇2Φ. (17.5)
If we now further restrict the discussion to the pure spherically symmetric situation when
the density function and the pressure function will only depend on the radius variable r,
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the gradient operator and the Laplacian operator become respectively
∇ → rˆ
∂
∂r
(17.6)
∇2 →
∂r2∂
r2∂r∂r
(17.7)
∂P
ρ′∂r
= −
∂Φ
∂r
=
∂(σ2ρ′(r))
ρ′∂r
(17.8)
∇·
(
∇P
ρ′
)
= −∇2Φ =
∂r2∂Φ
r2∂r∂r
=
∂r2∂P
r2∂rρ′∂r
=
σ2∂r2∂ρ′
r2∂rρ′∂r
(17.9)
−4πGρ′(r) =
σ2∂
r2∂r
(
r2
∂ ln ρ′(r)
∂r
)
(17.10)
−
G
σ2
ρ(r) =
∂
∂r
(
r2
∂ ln ρ´(r)
∂r
)
= −ρ´(r) (17.11)
again using the acute sign to denote a dimensionless function at the last equality above.
Equation (17.10) is the basic thermal equilibrium equation that supplies the standard
argument for the transformation of variables that generates the Lane-Emden equation
and so associates the polytropic solutions of the Lane Emden equation with the self
gravitating equilibrium equation. It should be noticed that the non-linear differential
equation (17.10) involves r2 both within the operand of first differentiation with respect
to r on the right hand side of the first equality and also as a divisor outside the differen-
tiation under the σ2 with the same function, ρ′(r), appearing within the differentiation
zone and outside the differentiation zone on the far left. Importantly, r2 and the same
density function, ρ′, do appear together inside the differentiation zone and outside the
differentiation zone. This is the main distinguishing feature of the standard equilibrium
from the alternative deduced in this paper. These remarks should be compared with
the remarks after equation (16.44). Having got to the differential equation (17.10), we
can now identify Newtonian analogues of the fluid structure objects by firstly integrating
once after multiplying through by r2 as follows
−
∫ r
0
4πGρ′(r
′)r′2dr′ =
σ2r2∂ ln ρ′
∂r
. (17.12)
Thus by noting thatM(r) =
∫ r
0
4πρ′(r
′)r′2dr′, we find the analogue of Newton’s equation
immediately below followed by Newton’s equation for acceleration in terms of the radial
component of force, fr, per unit mass of influenced particle for comparison.
−
GM(r)
r2
=
σ2∂ ln ρ′(r)
∂r
=
∂P (r)
ρ′(r)∂r
= −
∂Φ(r)
∂r
(17.13)
−
GM(r)
r2
= fr = −
∂Φ(r)
∂r
. (17.14)
Thus the fluid gravitational potential Φ should be indentified as the potential for force per
unit mass or the local acceleration potential . Clearly this is the principal of equivalence
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under fluid conditions. The definition of the total mass within the radial limits (0, r),
M(r), is clearly the macroscopic quantity of mass which is responsible for attracting any
mass outside that region towards the spherical centre at r = 0 and it takes the same
form in the alternative discussion used in this paper. This constitutes the gravitational
active mass of the Newtonian picture so that with respect to that mass both arguments
are macroscopic. However, the standard theory effectively uses local density to represent
the attracted massive Newtonian object. The alternative theory given above uses a
transversally fully extended thick shell of mass to represent the attracted Newtonian
mass so that the alternative theory is fully macroscopic in Newtonian terms in contrast
with the standard theory as being semi-macroscopic. Collecting all the results together
for the standard theory, we have
∂P (r)
∂r
= σ2
∂ρ′(r)
∂r
= −ρ′(r)
GM(r)
r2
= −ρ′(r)
∂Φ(r)
∂r
(17.15)
Φ(r) =
∫ r
0
GM(r′)dr′
r′2
(17.16)
= −
G(M(r) + M˜(r))
r
(17.17)
M(r) =
∫ r
0
4πr′2ρ′(r
′)dr′ (17.18)
P (r) = ρ′(r)σ
2 (17.19)
M˜(r) = r
∫ r
0
4πr′ρ′(r
′)dr′ (17.20)
∂ ln ρ′(r)
∂r
= −
G
σ2r2
∫ r
0
4πr′2ρ′(r
′)dr′ = −
∂Φ(r)/σ2
∂r
(17.21)
ρ′(r) = ρ′(0) exp
(
−
Φ(r)
σ2
)
(17.22)
ρ′,sis(r) =
σ2
2πGr2
→ ρsis(r) = 4πr
2ρ′,sis(r) =
2σ2
G
. (17.23)
The subscript prime here being used to draw attention to the fact that the usual analysis
involves the three dimensional density function ρ′(r) in contrast with the one dimensional
density, ̺(r), density that I have mostly used earlier in this paper. The density, ρ′,sis,
at (17.23) is a well known and rather simple standard theory solution. This solution is
easily obtained assuming it is of the form ρ′(r) = C/r
2 where C is a constant, using the
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standard equation as follows with the result appearing at (17.27)
∂ ln ρ′(r)
∂r
= −
G
σ2r2
∫ r
0
4πr′2ρ′(r
′)dr′ (17.24)
0−
2
r
= −
G
σ2r2
∫ r
0
4πr′2ρ′(r
′)dr′ (17.25)
−2r = −
G
σ2
∫ r
0
4πr′2ρ′(r
′)dr′ (17.26)
2 =
G
σ2
4πr2ρ′(r) =
G
σ2
4πr2ρ′,sis(r). (17.27)
The equation given by the first equality at (17.21) is repeated below followed by the
equivalent ̺ equation from (16.34).
∂ ln ρ′(r)
∂r
= −
G
σ2r2
∫ r
0
4πr′2ρ′(r
′)dr′ (17.28)
∂ ln ̺(ru)
∂ru
= −
G
ωc2r2u
∫ ru
0
̺(r)dr = −
G
ωc2r2u
∫ ru
0
4πr′2̺′(r
′)dr′ (17.29)
̺(r) = 4πr2̺′ (17.30)
σ2 = ωc2. (17.31)
Apart from a minor difference in notation and taking into account the last two equations
above, a first impression is that these two equations contain the same physical information
about the gravity system but express it in terms of the two different densities. However,
this is a false impression as can be seen by expressing the second equation in terms of ̺′
a result given next and simplified at the following line.
∂(ln ̺′(ru) + ln(r
2
u) + ln(4π))
∂ru
= −
G
ωc2r2u
∫ ru
0
4πr2̺′(r)dr (17.32)
∂ ln ̺′(ru)
∂ru
+
2
ru
= −
G
ωc2r2u
∫ ru
0
4πr2̺′(r)dr. (17.33)
If we now compare (17.33) with (17.28) we see the major difference between their de-
scriptions of the three dimensional densities ρ′ or ̺′ alone is the additional term 2/ru
with its strong divergence for small ru in the ̺ system. There is also a superficial ap-
pearance from these two equations that they give the same solution, (17.22), for the
two distinctly different quantities the one dimensional density from the ̺ system and the
three dimensional density from the standard system ρ′ and this appears to occur because
the same gravitation potential derivative, occurs on their right hand sides (17.21). How-
ever, a closer inspection of these two different gravitational potentials Φ and Φ exposes
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the superficiality of this appearance. Also from (17.29)
r2u
∂ ln ̺(ru)
∂ru
= −
G
ωc2
∫ ru
0
̺(r)dr (17.34)
∂
∂ru
(
r2u∂ ln ̺(ru)
∂ru
)
= −
G̺(ru)
ωc2
(17.35)
0 = −
G̺(ru)
ωc2
. (17.36)
The last three equations above take the alternative equation (17.29) and under the as-
sumption that there is a solution of the form ̺(ru) which is constant under r variation
which then implies that the differentiated bracketed form on the left reduces to the value
0 and so the only constant value for the density on the left at (17.36) is zero. In other
words, there is no constant valued density solution to this equation in the ̺ system. This
apparently trivial fact is important theoretically because it implies that what is called
the ρ′,sis(r) solution in the standard system has no analogue solution in the alternative
system. Thus if the alternative theory is correct there is no simple physical isothermal
sphere solution. It follows that the two fundamental self gravitation equilibrium equa-
tions (17.28) and (17.29) give inconsistent mathematical descriptions for the character
of both pairs of densities, the ρ and ρ′ and the ̺ and ̺′ solutions. Thus the question
arises which description is correct, the orthodox version (17.28) or the alternative version,
(17.29), derived in this paper? This uncertain situation can be summarised as follows.
The standard theory implies that three different density functions ρ, ρ′ and ρ′,sis describe
equilibrium situations and are given by
ρ(r) = 4πr2ρ′,0 exp
(
−
Φ(r)
σ2
)
(17.37)
ρ′(r) = ρ′,0(r) exp
(
−
Φ(r)
σ2
)
(17.38)
ρ′,sis(r) =
σ2
2πGr2
(17.39)
and the alternative equation for gravitational equilibrium derived in this paper implies
that only the first and second densities above ρ and ρ′ above have equilibrium analogues
̺ and ̺′ given by
̺(r) = ̺0 exp
(
−
Φ(r)
σ2
)
(17.40)
̺′(r) =
̺0
4πr2
exp
(
−
Φ(r)
σ2
)
. (17.41)
Both versions cannot be simultaneously correct. Clearly, the gravitation potential, Φ(r)
or the var-Phi version Φ(r), plays a central role in getting at the solutions above whatever
the truth about their physical validity happens to turn out to be. In the next section,
the differences between standard theory and the alternative developed in this paper are
examined.
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18 Comparing Standard with Macroscopic Approach
The basic standard formula for spherical gas gravitational equilibrium from (17.15), re-
peated below, is
∂ ln ρ′(r)
∂r
= −
G
∫ r
0
4πr′2ρ′(r
′)dr′
ωc2r2
. (18.1)
My derived gas equilibrium equation (17.29) is
∂ ln ̺(ru)
∂ru
= −
G
∫ ru
0
̺(r)dr
ωc2r2u
= −
G
∫ ru
0
4πr2̺′(r)dr
ωc2r2u
. (18.2)
The apparent similarity of these two formulae is deceptive, particularly as their right hand
sides appear to be essentially the same as indicated at (18.2). The important difference is
between the densities, ρ′, on the left hand side of the first equation and the density, ̺, on
the left hand side of the second equation. The first formula’s structure is based on the well
known and tested case of the hydrostatic structure of the earth’s atmosphere, of course,
above the earth’s surface. It may not be so well known that the formula for that case is
an approximation anyway. This is because the formula is derived as shown above from
classical local fluid theory which is essentially about the local microscopic conditions. It
is an approximation in that it does not take into account the earth’s curvature which
is the macroscopic arena of the general gravity pressure equilibrium problem. However,
in the earth’s atmosphere context this approximation is so good that correct results are
given by its use. If on the other hand, the earth was a minute planet with an enormous
extended atmosphere, the formula would fail miserably. The required formula in the case
of planetary solar or galactic greatly extended atmospheres needs to take into account just
how Newton’s dynamics needs to be expressed in the gas with gravity context in order to
make gas pressure formalism and Newton’s dynamics formalism consistent. The linking
characteristic between these two different points of view is the macroscopic concept of
thrust rather than the local concept of pressure. Thrust can be taken to be the dynamical
face of gas pressure. The analogues of subjected object and source force in that context
are a finite thickness spherical shell of gas and the sphere of gravitating gas within its
smaller surface respectively. It is not just pressure change between inner and outer surface
of the enveloping gas shell that determines the dynamics of the whole shell but rather
thrust change between these two surfaces. Only in a non-curvilinear situation would
pressure become sufficient as would become the case for the region near the surface of a
very large radius spherical volume. My formula at (18.2) takes these aspects into account
and also involves a careful use of the gravitational radial centroid associated with the
spherical shell object which is subjected to the gravity of all the mass included within
its smaller surface. The standard argument used to derive (18.1) is almost entirely local
and does not take account of the macroscopic dynamical and geometrical character of
the system but rather is based on what might be called a local flat earth point of view
when locally pressure is the controlling parameter.
27
19 Appendix 2 Conclusions
The work in this paper was motivated by a search for a good physical model for galactic
halos constituted from the dark matter material which is nowadays postulated to exist.
Here the possibility that this material is present under in a self gravitating gas like equi-
librium condition has been mathematically analysed. It has been shown that if the self
gravitation gas equilibrium physical structure is generated and analysed more from the
macroscopic point of view than from the semi-microscopic point of view that is usually
the case, the basic equilibrium equation that arise is superficially like the usual standard
gas gravity equilibrium equation but has serious differences from that equation, partic-
ularly near the radial distance, r, origin where it diverges markedly. It can be inferred,
though it has not been shown, that as a consequence of this difference the use of a specific
type of transformation that takes the isotropic equilibrium equation into the form of the
Lane-Emden equation will not work in the same way. This has the drastic consequence
that the important isotropic solutions of the Lane Emden equation are not immediately
available as a theoretical support for many astrophysical applications. The divergence
near the origin of the macroscopically derived thermal equilibrium equation does render
it more interesting in application to the galactic halo problem because of the well known
fact that the physical galactic structures do usually have a greatly increased density or
even a singularity towards their centres. There is thus finally the firm conclusion that if
the new theory given in this paper for isotropic equilibrium is accepted then a reappraisal
of thermal equilibrium and the Lane Emden solutions in cosmology needs to be set in
train. Some of these issues will be examined in a following paper.
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21 Appendix 3 Abstract
In this paper, limitations of the usual Lane Emden theory of the polytropic gas gravity
equilibrium states is analysed and discussed. A modified form of the Lane Emden type
equation is derived from a new gas gravity equilibrium equation obtained earlier. The
new version of the Lane Emden equation is shown to have a continuous infinity and
a discrete set of available equilibrium states and so is suitable for evolutionary galactic
modelling. The new state structure is worked out in mathematical detail and the covering
formula is obtained for all possible available density distributions within the system.
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22 Appendix 3 Introduction
This paper is a follow up to a paper, [48], of similar title on the problem of formulating
the equation that describes the equilibrium of a gaseous material in a self gravitational
equilibrium condition in the galaxy modelling context [47], see also, appendix 2 of ([35]).
The equation found although looking much like the standard equation for self gravitating
thermal equilibrium is significantly different from the standard equation and this has a
strong influence on the form attributed to polytropic gas theory which can be regarded
as an offshoot of the standard theory. This paper considers basic changes to polytropic
theory in the Lane Emden context that are implied by the new theory. I start this ac-
count by displaying the new equation in some rearrangements using the symbol ̺ for
mass density followed by some of the standard equations using the symbol ρ for density.
Consider the form of the gravitational thermal equilibrium equation below obtained in
the paper preceding this one and which was displayed as equation (3.30) in the previous
paper but here appears at (22.1) and with various manipulations down to (22.5). The
equations from (22.6) to (22.9) are the standard forms for the equivalent thermal equilib-
rium equation for comparison and identified with ρ rather than with ̺. The subscripted
prime on ̺′ indicates the usual density per unit volume where as plain ̺ is density per
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unit radius. The acute accent on ρ or ̺ indicates a dimensionless quantity underneath.
4π
∂(r2P (r))
∂r
+
(
G̺(r)
r2
)∫ r
0
̺(r′)dr′ = 0 (22.1)
∂(r2P (r))
∂r
+ G̺′(r)
∫ r
0
̺(r′)dr′ = 0 (22.2)
∂(r2P (r))
̺′(r)∂r
= −G
∫ r
0
̺(r′)dr′ (22.3)
∂
∂r
(
∂(r2P (r))
̺′(r)∂r
)
= −G̺(r) = −4πr2G̺′(r) (22.4)
σ2∂
∂r
(
r2∂(ln ̺(r))
∂r
)
= −G̺(r) = −4πr2G̺′(r) (22.5)
∂
r2∂r
(
r2∂P (r)
ρ′(r)∂r
)
= −4πGρ′(r) (22.6)
σ2∂
r2∂r
(
r2∂ ln ρ′(r)
∂r
)
= −4πGρ′(r) (22.7)
−
G
σ2
ρ(r) =
∂
∂r
(
r2
∂ ln ρ´(r)
∂r
)
= −ρ´(r) (22.8)
P = Pρ′ = Kρ
γ
′ . (22.9)
= P̺′ = K̺
γ
′ . (22.10)
The last two equations above give a class of possible pressure dependencies on density
that will be used in the following work. In principle, any value of the numerical index
parameter γ could be considered. However, it should be noted that this γ is not the
adiabatic index of gas theory.
23 Standard Lane Emden Equation and its Solutions
The Lane Emden equation is often derived from equation (22.6) using the following
function variable transformation from (ρ(r), r) to (θ(ξ), ξ) expressed as,
ρ′(r) → ρ′,cθ
n(ξ) (23.1)
r = αξ (23.2)
ρ′,c = ρ′(0), (23.3)
where the symbol n is the polytropic gas index. Using the second and third equation
above, the first equation can be written as
θn(ξ) ←
ρ′(αξ)
ρ′(0)
(23.4)
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and this implies from (23.2) that when r = 0, ξ = 0 and from 23.4
θ(0) = (ρ′(0)/ρ′(0))
1/n = 11/n = 1, ∀n (23.5)
when ξ = 0. Thus, if θ(0) is not to turn out to be indeterminate, then the density
function ρ′(r) has to assume a finite value, ρ′,c, at the r origin. Let us now using
(22.9) transform equation (22.6) by substituting for the (ρ′(r), r) variables in terms of
the (θ(ξ), ξ) variables as below
∂
r2∂r
(
r2∂P (r)
ρ′(r)∂r
)
= −4πGρ′(r) (23.6)
∂
(αξ)2∂(αξ)
(
(αξ)2∂(Kργ′,cθ
nγ(ξ))
ρ′θn(ξ)∂(αξ)
)
= −4πGρ′,cθ
n(ξ) (23.7)
Kργ−2c ∂
4πGα2ξ2∂ξ
(
ξ2∂(θnγ(ξ))
θn(ξ)∂(ξ)
)
= −θn(ξ). (23.8)
It seems to me that the game at this stage is to simplify the expression (23.8) sufficiently
to be able to recognise a possibilities of finding solutions to this nonlinear differential
equation. There are five free valued constants, K, ρ′,c, γ, α, n, to play with and one
obvious relation that could be introduced between these constants to render the differen-
tial expression within the large brackets on the left significantly and usefully simplified.
Consider that expression below with brackets retained and having been subjected to the
consequence of the relation between constants at (23.10).(
ξ2∂(θnγ(ξ))
θn(ξ)∂ξ
)
→
(
ξ2∂(θn+1(ξ))
θn(ξ)∂ξ
)
= (n+ 1)
(
ξ2∂θ(ξ)
∂ξ
)
(23.9)
γ = 1 + 1/n. (23.10)
If this changed expression is now substituted for its original in equation (23.8) after im-
posing a second condition on constants at (23.12) the result is the Lane Emden equation
at (23.11),
1
ξ2
∂
∂ξ
(
ξ2∂θ(ξ)
∂ξ
)
= −θn(ξ) (23.11)
(n+ 1)Kργ−2′,c
4πGα2
= 1 =⇒ (23.12)
α =
(
(n+ 1)Kρ
(1−n)/n
′,c
4πG
)1/2
, (23.13)
where in the last entry above the condition (23.10) has been used. For ease of reference,
I now give what are referred to as the three, (n=0,1,5), analytic solutions of the Lane
Emden equation (23.11),
n = 0, θ0(ξ) = 1− ξ
2/6 (23.14)
n = 1, θ1(ξ) = sin(ξ)/ξ (23.15)
n = 5, θ5(ξ) = (1 + ξ
2/3)−1/2. (23.16)
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The solution n = 0 implies a spherical mass distribution of constant density and so could
be used as a very rough approximation in some astrophysical situations. In fact, it is
not of much use at all. The solution n = 1 has been used to model planetary interiors
and brown dwarfs. The case n = 5 is the only non-linear solution and consequently it
is the only important solution in the context of galactic modelling and has been used in
that context but for various reasons it is greatly limited. This aspect will be discussed
after the first two solution cases are briefly reviewed. Consider the standard Lane Emden
equation,
1
ξ2
∂
∂ξ
(
ξ2∂θ(ξ)
∂ξ
)
= −θn(ξ) (23.17)
+
∂2θ(ξ)
∂ξ2
+
2∂θ(ξ)
ξ∂ξ
= −θn(ξ) (23.18)
we proceed as follows by transforming into a normal form, only second and zeroth order
differentiations of φ, with the transformation of θ(ξ) to φ(ξ) below
θ(ξ) = φ(ξ) exp
(
−
1
2
∫
2dξ
ξ
)
= ξ−1φ(ξ) (23.19)
∂θ(ξ)
∂ξ
= −
ξ−2φ(ξ)
1
+
ξ−1∂φ(ξ)
∂ξ
(23.20)
∂2θ(ξ)
∂ξ2
= +
2ξ−3φ(ξ)
1
−
ξ−2∂φ(ξ)
∂ξ
(23.21)
= −
ξ−2∂φ(ξ)
∂ξ
+
ξ−1∂2φ(ξ)
∂ξ2
. (23.22)
After inserting the above parts into the equation (23.18), the result is
+
2ξ−3φ(ξ)
1
−
2ξ−2∂φ(ξ)
∂ξ
+
ξ−1∂2φ(ξ)
∂ξ2
−
2ξ−3φ(ξ)
1
+
2ξ−2∂φ(ξ)
∂ξ
+ ξ−nφ(ξ)n = 0. (23.23)
ξ−1∂2φ(ξ)
∂ξ2
+ ξ−nφ(ξ)n = 0. (23.24)
∂2φ(ξ)
∂ξ2
+ ξ1−nφ(ξ)n = 0. (23.25)
A simple and obvious general solution of this equation occurs at n = 1 and is
φ(ξ) = A cos(ξ) +B sin(ξ), (23.26)
where A and B are arbitrary constants. Consequently the θ solution that goes along with
this is
θ(ξ) = ξ−1(A cos(ξ) +B sin(ξ)), (23.27)
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using (23.19). The second term here Bξ−1 sin(ξ) = θ1(ξ) which is the well known solu-
tion of the Lane Emden equation for n = 1 and importantly for the boundary condition
θ(+0) → 1. However, the first term Aξ−1 cos(ξ) would be rejected with this boundary
condition and for survival and used alone requires θ(ξb) = 1, when ξb = A cos(ξb) ac-
cording to the value of A chosen and the outer boundary radius of the spherical mass
distribution could be at the value of ξ which gives the first zero of cos(ξ) which, to my
mind, is as good astronomically as is the other and usually used case. In fact as it di-
verges towards ξ = 0, it could be physically more realistic. Of course, these two functions
could also be used together with a different boundary condition. Another simple and
obvious solution to equation (23.25) occurs at (n=0) and with two arbitrary constants is
φ(ξ) = −ξ3/6 +Aξ +B (23.28)
and leads to a θ version,
θ(ξ) = −ξ2/6 +A+B/ξ. (23.29)
The usual boundary condition θ(+0) → 1 involves B = 0 and A = 1 but this discounts
the B/ξ term which however could be brought into use, not alone in this case, with the
boundary condition θ(ξb) = 1 with ξb satisfying
θ(ξb) = 1 = −ξ
2
b/6 +A+B/ξb. (23.30)
according to the values of A and B chosen and again we get a divergent at the origin pos-
sible mass distribution and which could be regarded as having a limiting outer boundary
given by a solution of (23.31) for ξo.
− ξ2o/6 +A+B/ξo = 0. (23.31)
The last of the well known solutions (23.16) is probably the most important of the
three. To explain why this is the case, let us use n, the power of θ, in equation (23.17)
to represent the degree of non-linearity of the equation. As we have seen the cases
n = 0 and n = 1 produce linear equations for which general solutions with two arbitrary
constants are easily found which leaves us with scope for choosing boundary conditions.
However, for n ≥ 2 the equation becomes, in the usual sense, non-linear and only the
one solution θ5(ξ) has been found. This seems to me to be a strange situation in the
sense that the theory is only yielding up the one non-linear solution for the gravity
gas equilibrium problem which is clearly a very fundamental and physically significant
cosmological problem. Significant because something like gravity gas equilibrium must
play a central role in galactic dynamics. The gas gravity equilibrium equation describes
a physical system with a remarkable and unique intrinsic non-linear character. Further,
if thermal gas gravity equilibrium is so important, then the time evolution of such a
system must also be important which implies equilibrium distributions of mass will have
to change with time and so evolve through many phases of quasi static equilibrium
continuously. This in turn suggests that many static equilibrium continuously related
solutions must exist physically. Mathematically, it is possible to show that there are no
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other solutions similar to θ5(ξ) but with different numerical constants involved. However,
this does not exclude possible solutions structurally different from the θ5(ξ) solution but,
it seems to me that such additional solutions are unlikely to exist. There is also the
aesthetic aspect that that the whole ethos of the gravity gas equilibrium equations is that
it is essentially non-linear so that its important solutions will also be non-linear. The
solutions for n=0 and n=1 above are hidden extreme approximations that are possible
because of the way n is introduced in the function variable transformation (23.1) in
which basically n should have an arbitrary value taken from all the real numbers if the
transformation is not to impose the hidden restrictions involve in giving n integer or any
value less that than arbitrary real. Taking n to be integral or otherwise restricted kills off
the essential, fundament and continuous non-linearity of the gas gravity system for n=0
and n=1 and above that for n > 1 and integral great damage is done to the continuity
aspect. The situation with regard to the modified thermal equilibrium equation and its
consequent modified Lane Emden equation version and its solutions is very different as
will be shown in the next section.
24 Modified Lane Emden Equation and its Solutions
Let us now using (22.10) transform the new thermal equilibrium equation equation (22.4)
by substituting for the (̺′(r), r) variables in terms of the (ϑ(ξ), ξ) variables as below
∂
r2∂r
(
∂(r2P (r))
̺′(r)∂r
)
= −4πG̺′(r) (24.1)
K̺γ−2b ∂
4πGα2ξ2∂ξ
(
∂(ξ2ϑnγ(ξ))
ϑn(ξ)∂ξ
)
= −ϑn(ξ) (24.2)
The transformation here involves the three dimensional density, radius pair (̺′(r), r) to
the (ϑ(ξ), ξ) pair expressed in as,
̺′(r) → ̺′,bϑ
n(ξ) (24.3)
r = αξ (24.4)
̺′,b = ̺′(rb), (24.5)
where the ρc in the standard case transformation has been replaced by the constant ̺′,b
defined as follows
̺′,b = ̺′(rb) = ̺′(αξb) (24.6)
ϑ(ξb) = 1 (24.7)
in anticipation that some solutions at least of the modified Lane Emden equation will
diverge at the ξ origin. The steps from equation (23.6) to the standard Lane Emden
equation at (23.11) also take the rather changed form in the new ϑ system to give the
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modified Lane Emden equation as below at (24.11) with expanded forms following from
(24.14) to (24.16) (
∂(ξ2ϑnγ(ξ))
ϑn(ξ)∂ξ
)
→
(
2ξϑ(ξ) +
ξ2∂(ϑn+1(ξ))
ϑn(ξ)∂ξ
)
=(
2ξϑ(ξ) + (n+ 1)
ξ2∂ϑ(ξ)
∂ξ
)
(24.8)
γ = 1 + 1/n (24.9)
K̺γ−2b ∂
4πGα2ξ2∂ξ
(
2ξϑ(ξ) + (n+ 1)
ξ2∂ϑ(ξ)
∂ξ
)
= −ϑn(ξ) (24.10)
∂
ξ2∂ξ
(
2ξϑ(ξ)
n+ 1
+
ξ2∂ϑ(ξ)
∂ξ
)
= −ϑn(ξ) (24.11)
(n+ 1)K̺γ−2b
4πGα2
= 1 =⇒ (24.12)
α =
(
(n+ 1)K̺
(1−n)/n
b
4πG
)1/2
(24.13)
2ϑ(ξ)
(n+ 1)ξ2
+
2∂ϑ(ξ)
(n+ 1)ξ∂ξ
+
∂
ξ2∂ξ
(
ξ2∂ϑ(ξ)
∂ξ
)
= −ϑn(ξ) (24.14)
2ϑ(ξ)
(n+ 1)ξ2
+
2∂ϑ(ξ)
(n+ 1)ξ∂ξ
+
2∂ϑ(ξ)
ξ∂ξ
+
∂2ϑ(ξ)
∂ξ2
= −ϑn(ξ) (24.15)
2ϑ(ξ)
(n+ 1)ξ2
+
2(n+ 2)∂ϑ(ξ)
(n+ 1)ξ∂ξ
+
∂2ϑ(ξ)
∂ξ2
= −ϑn(ξ). (24.16)
Consider the special case of (24.16) with (n=0) and having multiplied through with ξ2,
2ϑ(ξ) +
4ξ∂ϑ(ξ)
∂ξ
+
ξ2∂2ϑ(ξ)
∂ξ2
= −ξ2 (24.17)
The general solution to this homogeneous linear equation is
ϑ(ξ) =
A
ξ
+
B
ξ2
−
ξ2
12
, (24.18)
∂ϑ(ξ)
∂ξ
= −
A
ξ2
−
2B
ξ3
−
ξ
6
, (24.19)
∂2ϑ(ξ)
∂ξ2
= +
2A
ξ3
+
6B
ξ4
−
1
6
, (24.20)
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where A and B are arbitrary constants. We can confirm this solution by considering the
arithmetical difference of the standard, (23.11) or (24.21), and new versions of the Lane
Emden equation,(24.11) or (24.22), as below at (24.23)
1
ξ2
∂
∂ξ
(
ξ2∂θ(ξ)
∂ξ
)
= −θn(ξ) (24.21)
∂
ξ2∂ξ
(
2ξϑ(ξ)
n+ 1
+
ξ2∂ϑ(ξ)
∂ξ
)
= −ϑn(ξ) (24.22)
∂
ξ2∂ξ
(
2ξϑ(ξ)
n+ 1
+
ξ2∂ϑ(ξ)
∂ξ
−
ξ2∂θ(ξ)
∂ξ
)
= −ϑn(ξ) + θn(ξ) (24.23)
∂
ξ2∂ξ
(
2ξϑ(ξ)
n+ 1
+
ξ2∂(ϑ(ξ) − θ(ξ))
∂ξ
)
= −ϑn(ξ) + θn(ξ) (24.24)
and in the case n = 0 this last equation reduces to
∂
ξ2∂ξ
(
2ξϑ(ξ) +
ξ2∂(ϑ(ξ)− (1− ξ2/6))
∂ξ
)
= −1 + 1 = 0 (24.25)
2ξϑ(ξ) +
ξ2∂(ϑ(ξ)− (1 − ξ2/6))
∂ξ
= C1 (24.26)
ϑ(ξ) +
ξ∂ϑ(ξ)
2∂ξ
=
C1ξ
−1
2
− ξ2/6 (24.27)
having substituted for θ(ξ) the known solution, θ0(ξ), at line (24.25) for n = 0 of the
Lane Emden equation at (23.14). Using (24.19) in (24.27) we get
ϑ(ξ) +
ξ
2
(
−
A
ξ2
−
2B
ξ3
−
ξ
6
)
=
C1ξ
−1
2
− ξ2/6 (24.28)
ϑ(ξ) +
(
−
A
2ξ
−
B
ξ2
−
ξ2
12
)
=
C1ξ
−1
2
− ξ2/6 (24.29)
ϑ(ξ) =
A+ C1
2ξ
+
B
ξ2
−
ξ2
12
. (24.30)
As there can only be two arbitrary constants and for agreement with (24.18) C1 = A. To
write down the full n = 0 solution, the coefficient ̺′,b, 24.32, is required and is obtained
by solving the equation from (24.18) for ξb as below
1 = ϑ(ξb) =
A
ξb
+
B
ξ2b
−
ξ2b
12
, (24.31)
̺′,b = ̺′(ξb) (24.32)
̺′,0(r) = lim ̺′,bϑ
n(ξ)→ ̺′,b, n→ 0 (24.33)
P̺0 (r) = limK̺
γ(n)
′,0 (r) = limK̺
1+1/n
′,0 (r)→∞, n→ 0 (24.34)
and the two free arbitrary constants would be determined by the physical characteristics
thought to apply in the case under study. However, the last two entries above indicating
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that the density function is constant and the pressure function is infinite for this solution
undermines its possible physical applicability. Consider the special case of (24.16) or
(24.35) with (n=1),
2ϑ(ξ)
(n+ 1)ξ2
+
2(n+ 2)∂ϑ(ξ)
(n+ 1)ξ∂ξ
+
∂2ϑ(ξ)
∂ξ2
= −ϑn(ξ) (24.35)
ϑ(ξ)
ξ2
+
3∂ϑ(ξ)
ξ∂ξ
+
∂2ϑ(ξ)
∂ξ2
= −ϑ(ξ) (24.36)
∂2ϑ(ξ)
∂ξ2
+
3∂ϑ(ξ)
ξ∂ξ
+
(
1 +
1
ξ2
)
ϑ(ξ) = 0. (24.37)
The differential equation, (24.37) above, looks like the first order Bessel equation following
at (24.38)
∂2ϑ(ξ)
∂ξ2
+
∂ϑ(ξ)
ξ∂ξ
+
(
1−
p2
ξ2
)
ϑ(ξ) = 0 (24.38)
apart from the obvious differences that in it there is no 3 coefficient in the second term
and a minus sign is in the place of the plus sign before the ξ−2 term. However, there
does seem to be some relation between these two equations. I will continue with this
section after making a digression to obtain a general result a special case of which I shall
use when I return from the digression.
25 The General Case
Let us now consider the general non-linear case in which the n parameter can initially, at
least, be allowed to take any real number value in the range −∞→ +∞. We can clarify
this situation by getting rid of the first derivative term in equations (25.1) by a well
known trick of a variable transformation. We proceed as follows by transforming into a
normal form, only second and zeroth order differentiations of ϕ, with the transformation
of ϑ(ξ) to ϕ(ξ) below
∂2ϑ(ξ)
∂ξ2
+
2(n+ 2)∂ϑ(ξ)
(n+ 1)ξ∂ξ
+
2ϑ(ξ)
(n+ 1)ξ2
= −ϑn(ξ) (25.1)
ϑ(ξ) = ϕ(ξ) exp
(
−
n+ 2
n+ 1
∫
dξ
ξ
)
= ξ−
n+2
n+1ϕ(ξ) (25.2)
∂ϑ(ξ)
∂ξ
= −
(n+ 2)ξ−
2n+3
n+1 ϕ(ξ)
n+ 1
+
ξ−
n+2
n+1∂ϕ(ξ)
∂ξ
(25.3)
∂2ϑ(ξ)
∂ξ2
= +
(n+ 2)(2n+ 3)ξ−
3n+4
n+1 ϕ(ξ)
(n+ 1)2
−
(n+ 2)ξ−
2n+3
n+1 ∂ϕ(ξ)
(n+ 1)∂ξ
(25.4)
= −
(n+ 2)ξ−
2n+3
n+1 ∂ϕ(ξ)
(n+ 1)∂ξ
+
ξ−
n+2
n+1 ∂2ϕ(ξ)
∂ξ2
. (25.5)
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After inserting the above parts into the equation (25.1), the result is
+
(n+ 2)(2n+ 3)ξ−
3n+4
n+1 ϕ(ξ)
(n+ 1)2
− 2
(n+ 2)ξ−
2n+3
n+1 ∂ϕ(ξ)
(n+ 1)∂ξ
+
ξ−
n+2
n+1 ∂2ϕ(ξ)
∂ξ2
−
2(n+ 2)2ξ−
3n+4
n+1 ϕ(ξ)
(n+ 1)2
+
2(n+ 2)ξ−
2n+3
n+1 ∂ϕ(ξ)
(n+ 1)∂ξ
−
(n+ 2)ξ−
3n+4
(n+1)ϕ(ξ)
(n+ 1)2
+
2ξ−
3n+4
n+1 ϕ(ξ)
(n+ 1)
+ ξ−
n(n+2)
n+1 ϕn(ξ) = 0. (25.6)
ξ−
n+2
n+1∂2ϕ(ξ)
∂ξ2
−
(n+ 2)ξ−
3n+4
(n+1)ϕ(ξ)
(n+ 1)2
+
2ξ−
3n+4
n+1 ϕ(ξ)
(n+ 1)
+ ξ−
n(n+2)
n+1 ϕn(ξ) = 0. (25.7)
∂2ϕ(ξ)
∂ξ2
−
(n+ 2)ξ−2ϕ(ξ)
(n+ 1)2
+
2ξ−2ϕ(ξ)
(n+ 1)
= −ξ−
n
2+n−2
n+1 ϕn(ξ). (25.8)
∂2ϕ(ξ)
∂ξ2
+
nξ−2ϕ(ξ)
(n+ 1)2
= −ξ−
n
2+n−2
n+1 ϕn(ξ). (25.9)
It follows that if we can find a solution for ϕ from the formula (25.9) then via (25.2)
a solution for ϑ of the modified Lane Emden equation will follow immediately. I now
return from the digression to continue with the n = 1 case. For n = 1, we note that the
equation (25.9)reduces to
∂2ϕ(ξ)
∂ξ2
+
(
1 + ξ−2/4
)
ϕ(ξ) = 0. (25.10)
The Bessel equation (24.38) written below with the subscript B everywhere necessary to
avoid confusion
∂2ϑB(ξ)
∂ξ2
+
∂ϑB(ξ)
ξ∂ξ
+
(
1−
p2
ξ2
)
ϑB(ξ) = 0 (25.11)
can be transformed into a normal form, only second and zeroth order differentiations of
ϕB, with the transformation of ϑB(ξ) to ϕB(ξ) below
ϑB(ξ) = ϕB(ξ) exp
(
−
1
2
∫
dξ
ξ
)
= ξ−1/2ϕB(ξ) (25.12)
∂ϑB(ξ)
∂ξ
= −
ξ−3/2ϕB(ξ)
2
+
ξ−1/2∂ϕB(ξ)
∂ξ
(25.13)
∂2ϑB(ξ)
∂ξ2
= +
3ξ−5/2ϕB(ξ)
4
−
ξ−3/2∂ϕB(ξ)
2∂ξ
(25.14)
= −
ξ−3/2∂ϕB(ξ)
2∂ξ
+
ξ−1/2∂2ϕB(ξ)
∂ξ2
. (25.15)
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After inserting the above parts into the equation (25.11), the result is
3ξ−5/2ϕB(ξ)
4
−
ξ−3/2∂ϕB(ξ)
∂ξ
+
ξ−1/2∂2ϕB(ξ)
∂ξ2
−
ξ−5/2ϕB(ξ)
2
+
ξ−3/2∂ϕB(ξ)
∂ξ
+
(
ξ−1/2 − ξ−5/2p2
)
ϕB(ξ) = 0. (25.16)
ξ−1/2∂2ϕB(ξ)
∂ξ2
+
(
ξ1/2 − ξ−5/2(p2 + 1)/4
)
ϕB(ξ) = 0. (25.17)
∂2ϕB(ξ)
∂ξ2
+
(
1− ξ−2(p2 − 1)/4
)
ϕB(ξ) = 0. (25.18)
∂2ϕ(ξ)
∂ξ2
+
(
1 + ξ−2/4
)
ϕ(ξ) = 0. (25.19)
The new version of the ϕ thermal-equilibrium Lane-Emden equivalent equation equa-
tion, (25.10), written again at (25.19) can now be compared with the well known Bessel
equivalent equation obtained at (25.18) to make the firm identification p = 0. Thus we
can conclude that a ϕ solution version of the new theory for n = 1 is also a ϕB solution
version of a Bessel equation for p = 0
ϕ1(ξ) = ϕ0,B(ξ). (25.20)
We can get the ϑ version of equation (25.20) by using the transformations involved at
(25.2) and (25.12) and redisplayed below
ϑ(ξ) = ξ−3/2ϕ(ξ) (25.21)
ϑB(ξ) = ξ
−1/2ϕB(ξ). (25.22)
Thus
ξ3/2ϑ1(ξ) = ξ
1/2ϑ0,B(ξ) (25.23)
ϑ1(ξ) = ξ
−1ϑ0,B(ξ) = ξ
−1(J0(ξ)A1 −N0(ξ)A2), (25.24)
where finally ϑ1 is given by identifying ϑ0,B(ξ) as being the p = 0 general solution of the
Bessel equation involving also the p = 0 Neumann function, N0(ξ).
Returning now to the general case for all allowable n, let us look for simple solutions
of the form,
ϕ(ξ) = Aξp, (25.25)
where A and p are to be determined. Substituting this possible solution into the ϕ(ξ)
equation at (25.9), we get
p(p− 1)Aξp−2 +
nξp−2A
(n+ 1)2
+ ξ−
n
2+n−2
n+1 +pnAn = 0. (25.26)
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It follows that
p(p− 1)A+
nA
(n+ 1)2
+An = 0 (25.27)(
p(p− 1) +
n
(n+ 1)2
)
= −An−1 (25.28)
p− 2 = −
n2 + n− 2
n+ 1
+ pn (25.29)
p =
n2 − n− 4
n2 − 1
(25.30)
p− 1 =
n2 − n− 4− (n2 − 1)
n2 − 1
=
−n− 3
n2 − 1
(25.31)
p(p− 1) =
n2 − n− 4
n2 − 1
×
−n− 3
n2 − 1
(25.32)(
n2 − n− 4
n2 − 1
×
−n− 3
n2 − 1
+
n
(n+ 1)2
)
= −An−1 = B(n), say. (25.33)
1
(n+ 1)2(n− 1)2
(
n(n− 1)2 − (n2 − n− 4)(n+ 3)
)
= B(n) (25.34)
1
(n+ 1)2(n− 1)2
(
−4n2 + 8n+ 12
)
= B(n) (25.35)
−4(n− 3)
(n+ 1)(n− 1)2
= B(n). (25.36)
Thus there is not just one simple solution of the form (25.25), there is an infinite contin-
uum of solutions given by (25.37) with only values of n, where −1 ≤ n ≤ +3 excluded,
where B(n) ≥ 0 and so would make A(n) either negative or complex. However, within
this set of values excluded form the continuous values there is another relevant infinite set
of discrete values n = nd, say, at which A(n) is real and positive, denoted by−1 < nd ≤ 3.
The detailed location of the values for nd will be discussed later.
ϕn(ξ) = A(n)ξ
p(n) (25.37)
p(n) =
n2 − n− 4
n2 − 1
(25.38)
A(n) = (−B(n))
1
n−1 =
(
4(n− 3)
(n+ 1)(n− 1)2
) 1
n−1
(25.39)
−∞ < n < −1 , −1 < nd < 3 , 3 < n < +∞. (25.40)
Solution to the modified Lane Emden equation implied by this result is given by formula
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(25.42) below after using (25.37), (25.38) and (25.39)
ϑ(ξ) = ξ−
n+2
n+1ϕ(ξ) (25.41)
ϑ(ξ) = A(n)ξ−
n+2
n+1 ξ
n
2
−n−4
n2−1 = A(n)ξq(n), say (25.42)
q(n) =
n2 − n− 4
n2 − 1
−
n+ 2
n+ 1
=
2
1− n
. (25.43)
Returning to the starting point of this calculation at (25.25) we can express the original
density function, ̺′(r), after using (25.41) etc, three lines below, as at (25.47)
̺′,n(r) → ̺′,bϑ
n
n(ξ) (25.44)
ϑn(ξ) = ξ
−n+2
n+1ϕn(ξ) (25.45)
ϕn(ξ) = A(n)ξ
p(n) (25.46)
̺′,n(r) → ̺′,b(ξ
−n+2
n+1A(n)ξp(n))n
̺′,n(r) → ̺′,bA
n(n)ξnq(n) = Bb,nξ
s(n), say (25.47)
Bb,n = ̺′,b
(
4(n− 3)
(n+ 1)(n− 1)2
) n
n−1
(25.48)
(Bb,n)max∀n ≈ 0.0450819̺′,b (25.49)
s(n) = nq(n) =
2n
1− n
(25.50)
̺′,b ← ̺′(rb) (25.51)
ϑn(ξb) = 1 = ξ
q
bA(n) (25.52)
ξb = A(n)
n−1
2 =
(
4(n− 3)
(n+ 1)(n− 1)2
) 1
2
. (25.53)
α =
(
(n+ 1)K̺
(1−n)/n
′,b
4πG
) 1
2
. (25.54)
rb = αξb =
(
(n+ 1)K̺
(1−n)/n
′,b
4πG
) 1
2 (
4(n− 3)
(n+ 1)(n− 1)2
) 1
2
.
(25.55)
rb =
(
(n− 3)K̺
(1−n)/n
′,b
(n− 1)2πG
) 1
2
. (25.56)
̺′,b = ̺′(rb) =
(
(n− 1)2πG
(n− 3)K
r2b
) n
1−n
. (25.57)
The emergence of the index S(n) at (25.47) is important in that its value determines
boundary conditions at both ξ = 0 and ξ = ∞ which in modelling galactic structures
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would need to be finite or positive infinite density at ξ = 0 and zero density at ξ = ∞
for realistic physics. Thus the condition needed is
− 1 < S(n) < 0 =⇒ −1 < n < 0 (25.58)
which puts it within the nd, discrete solutions, range, (25.40) (−1→ 3), at the left hand
side (−1→ 0).
Let us now return to the problem of locating the discrete solution set denoted by nd
associated with the final formula for ̺ density solutions at (25.47). To obtain physical
mass density solutions the quantity Bb,n, (25.48), has to appear with a real positive
value. However, in the range of values (1 < nd ≤ 3) this valued quantity with power
n/(n − 1) will have many continua sub ranges of complex values and negative values
interspersed with an infinite discrete set of the wanted real positive values. This arises
because the quantity, B(nd), under the index is negative over the range (1 < nd ≤ 3).
We can locate the wanted values by using the complex trigonometric representation of
−1 = cos(π) + i sin(π) = exp(iπ) in the formula for Bb,nd
Bb,nd = ̺′,b
(
4(nd − 3)
(nd + 1)(nd − 1)2
) nd
n
d
−1
(25.59)
= ̺′,b
(
4(3− nd) exp(iπ)
(nd + 1)(nd − 1)2
) nd
n
d
−1
(25.60)
= ̺′,b
(
4(3− nd)
(nd + 1)(nd − 1)2
) nd
n
d
−1
cos
(
πnd
nd − 1
)
+ ̺′,b
(
4(3− nd)
(nd + 1)(nd − 1)2
) nd
n
d
−1
i sin
(
πnd
nd − 1
)
. (25.61)
It is immediately obvious from this last equation that real positive values for Bb,nd occur
where the two conditions below hold
sin
(
πnd
nd − 1
)
= 0 =⇒
πnd
nd − 1
= πk (25.62)
cos (πk) > 0 =⇒ k = 2l. (25.63)
Thus
nd =
2l
2l− 1
, (25.64)
where l is an integer. As nd needs to be in the range,
− 1 < nd < 0 or + 1 < nd < +3, (25.65)
it follows from text below (25.58) that it is any rational number in the range
− 1 <
2l
2l− 1
< 0, (25.66)
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determined by the integer l and of the form displayed at (25.64).
The rather complicated structure described above, (25.44) down to (25.63), from the
modified Lane Emden equation theory does not occur in the standard Lane Emden equa-
tion theory because the later equation theory does not have the very large number of
non linear solutions that are available from the former equation theory. However, both
version involve an almost identical function variable transformation, (24.3) to (24.5) or
(23.1) to (23.3). The difference lies in the choice of a boundary condition for the two ver-
sions. In both cases, it is assumed that there is a definite known mass density isothermal
gravitational equilibrium state described by a function pair available for transforming,
ρ′(r), for the old theory and, ̺′(r), for the new theory. The objective in both cases is
to transform to a new description of the mass density using a new function variable pair
θ(ξ). In both cases, it can only be assumed initially that the n index is an arbitrary
real number and as described above this and other parameters determines the value of α
needed to get the simplest possible Lane Emden form of equation. However, it is a value
for the known function ρ′(r) or ̺′(r), assumed known in terms of r, for some specific
value of r, rc or rb that will depend on n that converts the dimensionless quantity θ
n(ξ)
into a mass density by multiplication with ρ′,c or ̺′,b that does not depend on n and so
determines what can be called a boundary condition that renders the defining equation,
(23.1), consistent as ρ′(rc) = ρ′,c for the value of ξc that makes θ(ξc) = 1 and similarly for
the b subscripted case when ̺′(rb) = ̺′,b. Thus for the list of relations above ̺′,b does not
depend on n. It only depends on the value, rb determined by n a dependence not shown
explicitly that sets the boundary condition at ϑn(ξb(n)) = 1, where the n dependence is
shown, for all solutions. This rather confusing situation can best be understood by refer-
ring to the relation (25.57) from which it can be seen that if ̺′,b is to be a fixed valued
quantity for all the non linear solutions then rb has to depend on n via that formula.
An important result of this situation is the existence of a globally maximally compact
solution given by equation (25.49) for a specific n at a value n ≈ 4.753.
26 Appendix 3 Conclusions
It is argued here that the usual version of the Lane Emden equation is not adequate to
supply solutions for use in modelling galactic structures, particularly in the dark matter
context. This is based on an earlier discovery of an isothermal gas gravity equilibrium
equation, differing from the standard equation, that implies that the usual Lane Emden
equation of isotropic theory should itself be modified to remedy its limited type and
number of physical solutions problem. The usual system is known to have only three
analytic solutions with one of these in the non-linear regime. The limited number of
solutions of the usual Lane Emden theory is obvious. However, it is also a disaster in
the realm of galactic halo modelling as such halos would be expected to evolve against
epoch time through either a continuum of quasi equilibrium conditions or evolve more
quantum like with jumps through a dense set of discrete sets. It is thus necessary that
a continuum and or a discrete set of equilibrium states should be available within any
theoretical structure that can be used to realistically describe astrophysical halos. The
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modified Lane Emden equation introduced in this paper is shown to present both types of
state structure of equilibrium states that can take into account all levels of none linearity
measured by the polytropic index n which, in the new system, can range over most of the
real numbers. This state structure is worked out in mathematical detail and analogues of
the usual n = 0, 1 solutions of the original Lane Emden equation are discussed in detail.
The whole new system is described by a general formula giving all available mass density
distributions that can be achieved under isothermal gravitational equilibrium.
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Quantized Polytropic index, n(l), l a positive integer
Galactic Rotation Curves
May 15, 2011
28 Appendix 4 Abstract
A model for the dark matter mass distribution within a galaxy is constructed using the
many available states that have been found in a new isothermal gas gravity equilibrium
equation which describes the spherical isothermal situation. However, as most of the
mass in galaxies in general assumes a spherical halo location, the model has considerable
relevance for the dark matter problem in general. The model involves a core of high
mass density of definite radius and mass and also a definite mass distribution outside the
core radius for each available solution from an infinite discrete set of solutions. Detailed
formulae for galactic rotation curves and their radial space derivatives are obtained so
that the issue of flatness or otherwise everywhere can be easily resolved for all solutions.
Three typical rotation curves are illustrated in one diagram and their three radial space
derivatives are shown in a second diagram.
Keywords: Cosmology, Dust Universe, Dark Energy, Dark matter
Newton’s Gravitation Constant, Galactic Halo, Rotation Curves
Isothermal Gravitational Equilibrium, Lane Emden Equation Modification
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29 Appendix 4 Introduction
This paper is a follow up of papers, [48] and [49], of similar titles on the problem of
formulating the equation that describes the equilibrium of a gaseous material in a self
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gravitational equilibrium condition in the galaxy modelling context [47], see also, ap-
pendix 2 of ([35]).
From the Friedman equation below for local acceleration in terms of radial distance
from origin, we can infer the general relativity form taken by the formula for galactic
rotation curves
r¨(t)
r(t)
=
Λc2
3
−
4πG
3
(
ρ(t) +
3P (t)
c2
)
. (29.1)
Notably when the pressure term is present and under steady state conditions we conclude
that the system will involve an additional mass density given by 3P (r)/c2 when the
pressure and density ρ(r) will vary with distance r from radial centre. Thus the general
relativistic generalisation of the rotation curve formula becomes
v22(r) =
G
r
(
M+(r) +MP (r)
)
−
GMΛ(r)
r
(29.2)
M+(r) =
∫ r
0
ρ(r′)dr′ (29.3)
MP (r) =
∫ r
0
3P (r′)dr′
c2
(29.4)
MΛ(r) =
∫ r
0
ρΛ(r
′)dr′ = V (r)ρ†Λ. (29.5)
Equation (29.2) is the general relativity rotation curve for transverse velocity in terms
of distance from the origin r. The three following masses are the total mass due to the
local density distribution, the total Einstein additional mass due to local pressure and
the total dark energy mass all added up by integration within the spheres of radius r
about the r origin. The last two of these are masses additional to usual mass density,
within the region concerned that help determine the form of the function v2(r). The
last mass is due to dark energy mass within the region and because this has a universal
constant density distribution, ρΛ, the integral can be replaced with a multiplied volume
for the whole spherical region. The minus sign for G goes with this mass because it acts
as a negative gravity source. The Galactic rotation rate formula is derived from equation
(29.2) by replacing the Masses on the right side with definite functions M(r) dependent
on the radius variable r and which give the total amount of that mass within a sphere of
radius r about its r = 0 centre. The contribution from the dark energy mass term, ρΛ,
is relatively small unless the galaxy is very large so that mass can usually be neglected.
However, the pressure term is a vital part from the general relativity point of view.
The normal positively gravitating mass density term, M+(r), and the general relativity
pressure term MP (r) both make major contributions to the way the elements of the
galaxy structure rotates in relation to the element’s distance from the mass distribution
origin and the Newtonian attraction it experience from the mass density distribution
which it can be regarded as travelling through. It is now possible to give explicit forms
for these two mass density contributions using a new theory of gravitational isotropic
equilibrium having a differential equation description (30.6). This differential equation is
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a modification of the usual equation that was thought to describe gravitational isothermal
equilibrium with the advantage that it has many solutions in contrast with its precursor.
In the paper preceding this one I obtained formulae for those many solutions in terms
of the Lane Emden variables (ϑ, ξ)). For application to the Galaxy halo mass density
structure problem it is better to work with the more physically orientated variables (̺, r).
Getting the solution set in terms of the physical variable does take a little effort and this
will be carried through next. The objective of this paper is to solve the problem of finding
suitable mass density solutions that can realistically be used to form the total masses
M+(r) and MP (r) so that the general relativistic rotation curve structures for galaxies
can be found.
30 Solutions in Terms of Physical Variables
The solutions of equation, (30.6), as function of the isotropic index n and as involved with
and derived through the mathematically powerful but obscure Lane Emden variables,
(ϑ, ξ)), with details are displayed from (30.1) to (30.5),
̺′,n(r) = Bb,nξ
s(n) (30.1)
Bb,n = ̺′(rb)
(
4(n− 3)
(n+ 1)(n− 1)2
) n
n−1
(30.2)
s(n) =
2n
1− n
(30.3)
rb =
(
(n− 3)K̺
(1−n)/n
′,b
(n− 1)2πG
)1/2
(30.4)
̺′,b ← ̺′(rb) =
(
(n− 1)2πG
(n− 3)K
r2b
) n
1−n
(30.5)
∂
∂r
(
∂(r2P (r))
̺′(r)∂r
)
=
∂
∂r
(
∂(r2K̺γ′ (r))
̺′(r)∂r
)
= −4πr2G̺′(r) (30.6)
P (r) = K̺γ(r). (30.7)
The system of solutions displayed above has been derived by taking a rather involved
route through defining a modified Lane Emden equation and making much use of the Lane
Emden θ, ξ variables. This course of action relied essentially on these mathematically
powerful variables to crack the non-linear barrier involved with the thermal equilibrium
equation to get the solution at 30.1. However, it occurred to me that the formula at (30.5)
might give a direct route to a solution of the isothermal gravity equilibrium equation,
(30.6), without the full Lane Emden complications. This calculation is carried through
in the next few pages. Because r = αξ the modified Lane Emden type solution at (30.1)
with (30.3) suggests that we can assume a form ̺′(r, n) of two independent variables r
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and n is a solution of the new isothermal equilibrium equation as at (30.8),
̺′(r, n) = X(n)r
2n
1−n , say, (30.8)
∂̺′(r, n)
∂r
= X(n)
2n
1− n
r
2n
1−n−1 = X(n)
2n
1− n
r
3n−1
1−n (30.9)
∂2̺′(r, n)
∂r2
= X(n)
2n(3n− 1)
(1− n)2
r
3n−1
1−n −1 = X(n)
2n(3n− 1)
(1− n)2
r
4n−2
1−n (30.10)
The two previous lines are the first and second derivatives of the function ρ′(r, n) with
respect to r. If we now expand the basic differential equation (30.6) or (30.11) as below
we get (30.13).
∂
∂r
(
∂(r2K̺γ′ (r))
̺′(r)∂r
)
+ 4πr2G̺′(r) = 0 (30.11)
∂
∂r
(
2r̺γ−1′ (r) +
r2γ̺γ−2′ (r)∂̺′(r)
∂r
)
+ 4πr2
G
K
̺′(r) = 0 (30.12)
2̺γ−1′ (r) + 2r(γ − 1)̺
γ−2
′ (r)
∂̺′(r)
∂r
+
2rγ̺γ−2′ (r)∂̺′(r)
∂r
+ r2(γ − 2)γ̺γ−3′ (r)
(
∂̺′(r)
∂r
)2
+
r2γ̺γ−2′ (r)∂
2̺′(r)
∂r2
+ 4πr2
G
K
̺′(r) = 0 (30.13)
2(̺′)
γ−1 + 2r(γ − 1)(̺′)
γ−2 ∂̺′
∂r
+
2rγ(̺′)
γ−2 ∂̺′
∂r
+ r2(γ − 2)γ(̺′)
γ−3
(
∂̺′
∂r
)2
+
r2γ(̺′)
γ−2 ∂
2̺′
∂r2
+ 4πr2
G
K
̺′ = 0
(30.14)
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2(X(n)r
2n
1−n )γ−1 + 2r(γ)(X(n)r
2n
1−n )γ−2X(n)
2n
1− n
r
3n−1
1−n +
r2(γ − 2)γ(X(n)r
2n
1−n )γ−3
(
X(n)
2n
1− n
r
3n−1
1−n
)2
+
r2γ(X(n)r
2n
1−n )γ−2X(n)
2n(3n− 1)
(1 − n)2
r
4n−2
1−n + 4πr2
G
K
X(n)r
2n
1−n = 0
(30.15)
2(r
2n
1−n )1/n + 2r(1 + 1/n)(r
2n
1−n )1/n−1
2n
1− n
r
3n−1
1−n +
r2(1/n− 1)(1 + 1/n)(r
2n
1−n )1/n−2
(
2n
1− n
r
3n−1
1−n
)2
+
r2(1 + 1/n)(r
2n
1−n )1/n−1
2n(3n− 1)
(1 − n)2
r
4n−2
1−n + 4πr2
G
K
X
n−1
n (n)r
2n
1−n = 0
(30.16)
2 + 2(1 + 1/n)
2n
1− n
+
(1/n− 1)(1 + 1/n)
(
2n
1− n
)2
+
(1 + 1/n)
2n(3n− 1)
(1− n)2
+ 4π
G
K
X
n−1
n (n) = 0
(30.17)
2 +
8(1 + n)
1− n
+
2(1 + n)(3n− 1)
(1 − n)2
+
4πG
K
X
n−1
n (n) = 0
(30.18)
2(1− n)2
(1− n)2
+
8(1− n2)
(1− n)2
+
2(1 + n)(3n− 1)
(1− n)2
+
4πG
K
X
n−1
n = 0
(30.19)
8
(1− n)2
+
4πG
K
X
n−1
n (n) = 0
(30.20)
X(n) =
(
−8K
4πG(1− n)2
) n
n−1
(30.21)
(30.22)
However, the expression that we had thought X(n) was representing at (30.1) etc, was(
(n− 1)2πG
(n− 3)K
) n
1−n
. (30.23)
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It seems that these two different expressions cannot reasonable be equal without getting
some nonsense result. However, there is some subtlety in the definition of the quantity
̺′,b and its use in the Lane Emden definition of the transformed density. This problem
can be resolved by making use of the extra mathematical machinery available in the
revised form of the Lane Emden Equation as explained in the next section.
31 Lane Emden Revised Structure
̺′,n(r) → ̺′,bϑ
n
n(ξ) (31.1)
ϑn(ξ) = ξ
−n+2
n+1ϕn(ξ) (31.2)
ϕn(ξ) = A(n)ξ
p(n) (31.3)
̺′,n(r) → ̺′,b(ξ
−n+2
n+1A(n)ξp(n))n
̺′,n(r) → ̺′,bA
n(n)ξnq(n) = Bb,nξ
s(n), say (31.4)
Bb,n = ̺′,b
(
4(n− 3)
(n+ 1)(n− 1)2
) n
n−1
(31.5)
(Bb,n)max∀n ≈ 0.0450819̺′,b (31.6)
s(n) = nq(n) =
2n
1− n
(31.7)
̺′,b ← ̺′(rb) (31.8)
ϑn(ξb) = 1 = ξ
q
bA(n) (31.9)
ξb = A(n)
n−1
2 =
(
4(n− 3)
(n+ 1)(n− 1)2
) 1
2
. (31.10)
α =
(
(n+ 1)K̺
(1−n)/n
′,b
4πG
) 1
2
. (31.11)
rb = αξb =
(
(n+ 1)K̺
(1−n)/n
′,b
4πG
) 1
2 (
4(n− 3)
(n+ 1)(n− 1)2
) 1
2
.
(31.12)
rb =
(
(n− 3)K̺
(1−n)/n
′,b
(n− 1)2πG
) 1
2
. (31.13)
̺′,b = ̺′(rb) =
(
(n− 1)2πG
(n− 3)K
r2b
) n
1−n
. (31.14)
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1ξ2
∂
∂ξ
(
ξ2∂θ(ξ)
∂ξ
)
= −θn(ξ) (31.15)
∂
ξ2∂ξ
(
2ξϑ(ξ)
n+ 1
+
ξ2∂ϑ(ξ)
∂ξ
)
= −ϑn(ξ) (31.16)
However, if we look more closely at the result at (31.5) that seems to contradict the
form assumed at (30.8) we see that a more rational expectation is that after using the
relation r = αξ we might expect the transformation from the isothermal equilibrium
equation variables to the Lane Emden type equation variables to cause a transformation
as indicated at (31.17) rather than precise equality holding.
̺(r, n) = X(n)r
2n
1−n =
(
−8K
4πG(1 − n)2α2
) n
n−1
ξ
2n
1−n
(
−8K
4πG(1− n)2α2
) n
n−1
ξ
2n
1−n → ̺′(rb)
(
4(n− 3)
(n+ 1)(n− 1)2
) n
n−1
ξ
2n
1−n
(31.17)
or
−8K
4πG(1 − n)2α2
→ ̺′(rb)
n−1
n
4(n− 3)
(n+ 1)(n− 1)2
. (31.18)
It follows that
̺′(rb)→
(
K(n+ 1)
2πGα2(3 − n)
) n
n−1
, (31.19)
but according to (31.11)
̺′,b =
(
4πα2G
(n+ 1)K
) n
1−n
=
(
(n+ 1)K
4πα2G
) n
n−1
. (31.20)
It follows that ̺′,b only equals ̺′(rb) in the limiting case when n = 1. Otherwise, ̺′,b
should be taken to be given by (31.20). It is also the case that ̺′,b only sets the function
value at which input functions of r are equal to output functions ξ and this is a matter
of personal choice anyway. However, this is different from the situation with the normal
Lane Emden equation where only one input function is involved and so ρ′,c can be given
an unambiguous value. In the next section I shall confine the work to using the thermal
equilibrium type of solutions, (30.8), rather than the modified Lane Emden version of the
solutions, (31.4). The former solution seems simpler than the latter and are physically
more immediate in that they involve the physical variable r rather than the esoteric
mathematical variable, ξ, which of course is an advantage. However, the former was
found originally by solving its modified Lane Emden transform. As shown above, the
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thermal equilibrium collection of solutions is give by
̺′(r, n) = X(n)r
2n
1−n (31.21)
X(n) =
(
−8K
4πG(1− n)2
) n
n−1
(31.22)
̺sc(n) = X(n) =
(
−8K
4πG(1 − n)2
) n
n−1
(31.23)
̺′(r, n) = ̺sc(n)r
2n
1−n (31.24)
We can identify the function X(n) as a scale factor, ̺sc(n), representing size associated
with the isotropic index n and the index of r, s(n) = 2n/(1−n), as giving a more intrinsic
indication of the solutions shape associated with the isotropic index n. Consequently
when we observe a galaxy its apparent size will depend on its distance so scale cannot be
used to determine the mass distribution within is boundary. However, s(n) will determine
its state and that does not depend on its distance from the observer. The point I am
making is that if we wish to compare different solutions given by different n in diagrams
or discussion, we can take ̺sc(n) = X(n) = 1 as a temporary simplification. In diagrams
where this temporary simplification is used all solutions will coincide in value when r = 1.
The scale also has to be real and positive for all physical solutions and an inspection of
the formulae (31.23) and (31.24) indicates that this reality condition implies that the
isotropic index for reality can only involve n where (−1)
n
1−n is real and positive. The
values of n conforming to this condition is an infinite discrete set. This set of values was
worked out in paper ([49]) with reference to a subset of recognisably solutions. Here it
has become clear that this condition for reality extends to all solutions of the isothermal
sphere equilibrium equation.
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Thus real positive values occur when
(−1)
n
1−n = cos
(
nπ
1− n
)
+ i sin
(
nπ
1− n
)
= +1. (31.25)
That is the two conditions below hold
sin
(
πn
n− 1
)
= 0 =⇒
πn
n− 1
= πk (31.26)
cos (πk) > 0 =⇒ k = 2l, (31.27)
where k is an integer. Thus
n =
2l
2l − 1
, (31.28)
where l is an integer. However, if the mass density distributions are to converge to zero
at infinity it is necessary that
s(n) =
2n
1− n
< 0 (31.29)
or n remains outside the range
0 < n < 1. (31.30)
In other words, convergence to zero at r = ∞ is the case outside the relatively small
range of values for n, 0 < n < 1. Thus outside this range any rational number value for
n of the form (31.28), where l is an integer will do. In order to use solutions such as
(31.21) of the isothermal equilibrium equations in galactic modelling we have to confront
the problem that all such solutions chosen using values of n that ensure convergence to
zero when r goes to infinity, will certainly diverge when r goes to zero. The implication
of this is that these raw density solution involved all diverge towards r = 0. However,
generally physical galactic densities do generally become large at their mass centre but
this is not the same as becoming infinite. However, here we are building mathematical
models to physical specifications and so the mathematics has to be adapted to give
realistic physics. Fortunately this accommodation between mathematics and physics is
cleanly and convincingly achieved by introducing the idea of a spherical galactic core.
This core can be taken to be of uniform mass density from its outer radius rǫ all the
way to the radial origin. This uniform density distribution can also be taken to have
the same value as the raw solution density at r = rǫ. Thus the model character is
such that the finite core mass replaces the offending mathematical infinite mass within
spheres centred on and with surfaces near the origin. I shall call the mass of the core
Mǫ and take its radius to be rǫ and regard it as an unavoidable model construct. In the
next section, the core concept will be employed to derive the general relativistic rotation
curves and their spatial derivatives with respect to radial distance from the origin, r. It
will also be assumed that the totality of general relativity contributed mass, MGR(r),
within any spherical region about the radial origin r = 0 of radius r is just the sum of
̺(r′) contributed density outside the core radius rǫ together with the core mass within
the spherical core region as at (32.2).
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32 Isothermal Equilibrium Galactic Rotation Curves
v22(r) =
G
r
(
M+(r) +MP (r)
)
−
GMΛ(r)
r
(32.1)
MGR(r) = M
+(r) +MP (r) −MΛ(r) =
∫ r
rǫ
̺g(r
′)dr′ +Mǫ (32.2)
v22(r) =
G
r
MGR(r) =
G
r
(∫ r
rǫ
̺g(r
′)dr′ +Mǫ
)
(32.3)
∂v22(r)
∂r
=
−G
r2
(∫ r
rǫ
̺g(r
′)dr′ +Mǫ
)
+
G
r
̺g(r) (32.4)
=
−G
r2
(∫ r
rǫ
4π̺g(n)r
′2r′
2n
1−n dr′ +Mǫ
)
+
G
r
4π̺g(n)r
2r
2n
1−n
(32.5)
=
−G
r2
(∫ r
rǫ
4π̺g(n)r
′
2
1−n dr′ +Mǫ
)
+G4π̺g(n)r
1+n
1−n (32.6)
=
(n− 1)G4π̺g(n)
(3− n)r2
(r
3−n
1−n − r
3−n
1−n
ǫ )−
GMǫ
r2
+G4π̺g(n)r
1+n
1−n
(32.7)
=
G4π̺g(n)(n− 1)
3− n
r
1+n
1−n
−
G4π̺g(n)
r2
(
(n− 1)
(3− n)
r
3−n
1−n
ǫ +
Mǫ
4π̺g(n)
)
+G4π̺g(n)r
1+n
1−n . (32.8)
Let us denote the quantity in the large round brackets above at (32.8) multiplied by
(3− n)r
3−n
n−1
0 as a function, called, two(rǫ, n), of the parameters rǫ and n,
two(rǫ, n) = r
3−n
n−1
0
(
(n− 1)r
3−n
1−n
ǫ +
(3 − n)Mǫ
4π̺g(n)
)
, (32.9)
we see that this quantity is to be different according to which isotropic index value n
is used but otherwise it depends on what we chose the relation between the core mass,
Mǫ, and the core mass radius rǫ to be. This implies that the function two is a model
type dependent quantity and we can therefore select all state n to be of the model type
most convenient for simplicity. If we look at the equation at (32.8), we see that very
substantial simplicity is obtained if the function two is taken to have the fixed value 2 as
its choice of name implies. Thus we get the simplified equation for local rotation curve
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gradient with respect to r at (32.13).
∂v22(r)
∂r
= −
4Gπ̺g(n)r
n−3
n−1
0
r2(3− n)
two(rǫ, n)
+ G4π̺g(n)r
1+n
1−n +
G4π̺g(n)(n− 1)
3− n
r
1+n
1−n (32.10)
= −
8Gπ̺g(n)r
1+n
1−n
(3− n)
(
r
r0
)n−3
1−n
+ G4π̺g(n)r
1+n
1−n +
G4π̺g(n)(n− 1)
3− n
r
1+n
1−n (32.11)
= G4π̺g(n)r
1+n
1−n
(
(n− 1)
3− n
−
2
(3− n)
(
r
r0
)n−3
1−n
+ 1
)
(32.12)
=
G8π̺g(n)
n− 3
r
1+n
1−n
(
−1 +
(
r
r0
)n−3
1−n
)
. (32.13)
This last equation which gives us the radial spatial gradient of any solution everywhere
determined by the isotropic index, n, is a key equation which enables us to determine
precisely how flat or otherwise any specific given rotation curve solution is.
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33 The Galactic Core
let us now consider the function two(rǫ, n) at (32.9) and use this to find out how the core
radius, rǫ, depends on the isotropic index n. We have
two(rǫ, n) = r
3−n
n−1
0
(
(n− 1)r
3−n
1−n
ǫ +
(3− n)Mǫ
4π̺g(n)
)
two(rǫ, n) = 2 = r
3−n
n−1
0
(
(n− 1)r
3−n
1−n
ǫ +
(3− n)Mǫ
4π̺g(n)
)
(33.1)
Mǫ(n, rǫ) = 4πr
3
ǫ̺g(rǫ, n)/3 = 4π̺g(n)r
n+3
1−n
ǫ /3 (33.2)
2 = r
3−n
n−1
0
(
(n− 1)r
3−n
1−n
ǫ + (3− n)r
3−n
1−n
ǫ /3
)
(33.3)
=
(
(n− 1)
(
rǫ
r0
) 3−n
1−n
+ (3− n)
(
rǫ
r0
) 3−n
1−n
/3
)
(33.4)
̺g(rǫ, n) = ̺g(n)r
2n
1−n
ǫ (33.5)(
rǫ
r0
)
=
(
3
n
) 1−n
3−n
. (33.6)
Thus the core radius rǫ decreases from large values near n = 0+ to zero as n approaches
+∞.
v22(r) =
MGR(r)
r
=
G
r
(∫ r
rǫ
̺g(r
′)dr′ +Mǫ
)
(33.7)
=
G
r
(
̺g(n)
∫ r
rǫ
4πr′2r′
2n
1−n dr′ +Mǫ
)
(33.8)
=
G4π̺g(n)(1 − n)
3− n
r
2
1−n −
G4π̺g(n)
r
(
(1− n)
(3− n)
r
3−n
1−n
ǫ −
Mǫ
4π̺g(n)
)
(33.9)
=
G4π̺g(n)(1 − n)
3− n
r
2
1−n +
G4π̺g(n)
r

2r 3−n1−n0
3− n

 (33.10)
=
G4π̺g(n)r
2
1−n
3− n
(
1 + 2
(
r
r0
)n−3
1−n
− n
)
. (33.11)
Expression (33.11) is the final form for the isotropic equilibrium galactic rotation curves
formula with any specific curve determined by an appropriate value of the isotropic
index n. A selection of one curve, green, index, n = 1.333, from the bundle of 25 curves
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that are bounded by the index values n = 2, red and n = 1.02041, blue is shown in
top diagram that can be found on page 17 at (QMUL, 2011). In the lower diagram
the spatial derivative curves of the same three curves shows that they are all relatively
flat out beyond radial position r = 15. Even before this position, 10 < r < 15, their
gradients are between and 0 and −0.23,−0.15,−0.13 respectively, as can be found by
direct calculation.
We can find a definite formula for the total mass of the external to core mass distri-
bution, Mextc(r), up to radius r as a function of the isotropic index n using the definition
from (33.7) as below
Mextc(r) = MGR(r)−Mǫ =
∫ r
rǫ
̺g(r
′)dr′ (33.12)
= ̺g(n)
∫ r
rǫ
4πr′2r′
2n
1−n dr′ (33.13)
=
̺g(n)4π(1 − n)
3− n
(
r
3−n
1−n − r
3−n
1−n
ǫ
)
(33.14)
Mǫ(n, rǫ) = 4πr
3
ǫ̺g(rǫ, n)/3 = 4π̺g(n)r
n+3
1−n
ǫ /3. (33.15)
with the last entry coming from 33.2. It follows that the ratio of extra to core mass to
core mass ratio, R(r, rǫ, n) up to radius r, depends on state index number n as
R(r, rǫ, n) =
3(1− n)
(3− n)
r
n+3
n−1
ǫ
(
r
3−n
1−n − r
3−n
1−n
ǫ
)
(33.16)
R(∞, rǫ, n) =
3(1− n)
(3− n)
r
n+3
n−1
ǫ
(
−r
3−n
1−n
ǫ
)
(33.17)
=
3(n− 1)
(3− n)
r
2n
n−1
ǫ (33.18)
=
3(n− 1)
(3− n)
((
3
n
) 1−n
3−n
) 2n
n−1
(33.19)
=
3(n− 1)
(3− n)
(
3
n
) 2n
n−3
. (33.20)
Thus we have above the relation between the ratio of total external to core mass to core
mass and the isotropic index n. This ratio is quite complicated. I note here that it
increases from zero at n = 1 to large positive values between 1 towards 3. At the value
n = 2 its value is approximately 0.593.
34 A bundle of solutions
To complete this paper, I shall briefly discuss a specific bundle of physical solutions. A
subset of this bundle was mentioned earlier just below equation (33.11) and is represented
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on diagram 1. The issue of the existence of other solutions of the same form as this bundle
or of different forms will be examined in a future paper. The full bundle discussed here
is located in the isotropic index range 2 ≥ n > 1 and the sub bundle, 2 ≥ n ≥ 1.02041,
mentioned earlier has three elements, blue, green and red, shown in the diagram. In
terms of the integer parameter l the full bundle is given by all the positive integers, l;
(1, 2, 3, 4, 5...∞), whilst the sub bundle in the diagram is represented by the integer l in
the range, (1 ≤ l ≤ 25). The limiting boundary solution, n = 1 or equivalently l = ∞,
of all the non-linear solutions in the bundles is the linear solution for n = 1 discussed
in detail in [49], equation (4.35) etc. In any small parameter region greater than and
including n = 1 or l = ∞ there is an infinite discrete set of solutions determined by
the integral parameter l. The existence of the integer parameter l as a descriptor and
identifier of these many non-linear solutions is my reason for referring to these special
physical gravitational isothermal equilibrium states as quantized . The diagram can be
found on page 17 at (QMUL, 2011).
35 Appendix 4 Conclusions
The new version of the gravitational isothermal equilibrium equation has very many
solutions. Among these solutions there is a smaller discrete infinite collection of physical
solutions designated by a parameter l that can take on integral values. A physical
model for galaxies which involves a massive core is introduced in order to eliminate a
mathematical divergence at the radial origin which would otherwise inevitably occur if
there is to be convergence to zero at infinite radius. Detailed formulae are obtained for
the physical galactic rotations curves and also their radial derivatives as a function of
r and also as a function of their isotropic index designation n. Thus the gradients of
these many curves can be found explicitly and their flatness or otherwise everywhere can
be ascertained. An explicit formula for the core radius and core mass is obtained for
all solutions of given polytropic index n. Also an explicit formula for the ratio of mass
outside the core radius to the core mass is obtained for all solutions of given polytropic
index.
36 Appendix 5
Physical Applicability of Self Gravitating
Isothermal Sphere Equilibrium Theory IV
Gravitational Polytropic Schro¨dinger Equation
Clumping Bridge between Cosmology and Quantum Theories
A Cohesive Force for Dark Matter Galactic Halos
July 10, 2011
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37 Abstract
A cosmological Schro¨dinger equation that has steady state amplitude so-
lutions that give mass densities coincident with those of a new isothermal
gravitational equilibrium equation is used to discuss possible galactic mod-
els for dark matter galactic halos. With the use of an identification of the
essence of cosmological gravitational mass clumping, this Schro¨dinger equa-
tion is shown to imply a definite molecular cohesive force that has to exist
to hold the thermal equilibrium mass densities of the halos in approximate
steady state conditions. A formula for the ratio of the numerical value of
this new cohesive force between two particles at separation r to the nu-
merical value of the Newtonian force between two particles at the same
separation in terms of the isotropic index n(l) of the system state is found.
This ratio is used to discuss the viability of galactic models in terms of the
masses involved and the state quantum number l. Atomic argon is shown to
be one possible particle representation of dark matter under the isothermal
equilibrium density constraints.
Keywords: Cosmology, Dust Universe, Dark Energy, Dark matter
Newton’s Gravitation Constant, Galactic Halo, Rotation Curves
Isothermal Gravitational Equilibrium, Lane Emden Equation Modification
Schro¨dinger Equation, Clumping
PACS Nos.: 98.80.-k, 98.80.Es, 98.80.Jk, 98.80.Qc
38 Introduction
This paper is a follow up of papers, [48], [49] and [50] of similar titles on
the problem of formulating the equation that describes the equilibrium of a
gaseous material in a self gravitational equilibrium condition in the galaxy
modelling context, [47], see also, appendix 2 of ([35]). Here I shall relate
isothermal gravitational equilibrium theory with a cosmological Schro¨dinger
equation obtained earlier, ([41]) and thus demonstrate a theoretic bridge
between quantum theory and cosmology. The structure involved in this
cosmological Schro¨dinger equation will, with more detail than originally,
firstly be repeated in the next subsection.
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38.1 Cosmological Schro¨dinger Equation
In reference ([41]), I showed that the whole theory for the dust universe
model can be obtained from a Schro¨dinger equation (38.1) or, (38.2) in
terms of a quantum density ρnl(t) from the standard general Schro¨dinger
equation (38.5) with the condition ∇2Ψnl,ρ(r, t) ≡ 0 and the external poten-
tial V (r, t) replaced with the feed back term VC(t) given at (38.3). The last
four equations below fill in all the details. ρ(t) is the spatially uniform pos-
itively gravitating substratum mass density from the dust universe model
and Λ is Einstein’s lambda.
i~∂Ψnl,ρ(t)
∂t
= −
~
2
2m
∇2Ψnl,ρ(r, t) + VC(t)Ψnl,ρ(t) (38.1)
i~∂Ψnl,ρ(t)
∂t
= VC(t)Ψnl,ρ(t) (38.2)
VC(t) = −(3i~/2)H(t) (38.3)
H(t) = (c/RΛ) coth(±3ct/(2RΛ)) (38.4)
i~
∂Ψ(r, t)
∂t
= −
~
2
2m
∇2Ψ(r, t) + V (r, t)Ψ(r, t). (38.5)
ρ(t) = (3/(8πG))(c/(RΛ)
2 sinh−2(3ct/(2RΛ)) (38.6)
Ψnl,ρ(t) = ρ
1/2(t) = A1/2 sinh−1(3ct/(2RΛ)) (38.7)
A = (3/(8πG))(c/RΛ)
2 (38.8)
RΛ = (3/Λ)
1/2. (38.9)
H(t) above is the Hubble function from the dust universe theory. Here I
shall generalise equation (38.1) by instead of replacing V (r, t) with VC(t) in
(38.5) , I shall add it and drop all the subscripts to give
i~∂Ψ(r, t)
∂t
= −
~
2
2m
∇2Ψ(r, t) + V (r, t)Ψ(r, t) + VC(t)Ψ(r, t),(38.10)
while not now assuming that ∇2Ψ(r, t) ≡ 0. I now claim that equation
(38.10) is a general cosmological Schro¨dinger equation. Clearly it differs
from the normal general Schro¨dinger equation at (38.5) in that it has a
special external potential of the form VS(r, t) = V (r, t) + VC(t) and is
only non-general in the very weak sense that it has an additional time
only dependent part. Let us now consider solutions to the cosmological
Schro¨dinger equation (38.10) with the special form
Ψ(r, t) = Ψ1(r, t)Ψnl,ρ(t). (38.11)
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Substituting this form into (38.10), we get
i~∂Ψ(r, t)
∂t
=
i~∂Ψ1(r, t)
∂t
Ψnl,ρ(t) + Ψ1(r, t)
i~∂Ψnl,ρ(t)
∂t
= −
~
2∇2Ψ1(r, t)
2m
Ψnl,ρ(t)
+ V (r, t)Ψ1(r, t)Ψnl,ρ(t) + VC(t)Ψ1(r, t)Ψnl,ρ(t)
(38.12)
and using the equation for Ψnl,ρ(t) at (38.2) and the material above after
the first equality, we see that the two far right vertically aligned terms above
cancel and after dividing through with Ψnl,ρ(t), we get the result,
i~∂Ψ1(r, t)
∂t
= −
~
2
2m
∇2Ψ1(r, t) + V (r, t)Ψ1(r, t). (38.13)
Thus we have recovered the original general Schro¨dinger equation with arbi-
trary external potential, V (r, t), for the factor Ψ1(r, t) in equation (38.11).
Consequently this factor can be any solution of that equation. Clearly, the
solutions of the cosmological Schro¨dinger equation with its feed back term
VC(t)Ψnl,ρ(t) embraces all possible quantum theory solutions to the usual
general Schro¨dinger equation (38.13). Thus this cosmological Schro¨dinger
equation can be used as a cosmological platform, via the dust universe
model, for any system that can be described by the usual Schro¨dinger equa-
tion. The cosmological Schro¨dinger equation has the usual Hermitian scalar
product solutions that goes along with its amplitude solutions of the form
ρS(r, t) = Ψ(r, t)Ψ
∗(r, t) = Ψ1(r, t)Ψ
∗
1(r, t)Ψ
2
nl.ρ(t). (38.14)
If we choose these solutions to have the character of cosmological mass per
unit volume then the Ψ1(r, t)Ψ
∗
1(r, t) will have to be taken as dimensionless
as the factor Ψ2nl.ρ already has the dimensions of mass per unit volume. A
direct consequence of this is that the amplitude Ψ1(r, t) of the Schro¨dinger
equation (38.13) will have also to be chosen dimensionless. ρS(r, t) is a cos-
mological mass density with position variability of great generality which
can involve all known solutions to the standard Schro¨dinger equation and
any other solutions yet to be found. So that on this basis models of the uni-
verse can be found involving individually described galaxies of any known
quantum internal structure bundled together to describe the whole uni-
verse in great detail. I derived a very simple detailed quantum model for
60
the universe in reference, [41], using the first version of the cosmological
Schro¨dinger equations with the ∇2Ψ(r, t) ≡ 0 condition holding. Under
this condition there is a multiplicity infinity number of spatially inhomo-
geneous possible cosmology models. This contrasts sharply with the very
limiting homogeneous character of the cosmological models derived directly
from general relativity. In the next section, I shall show how the isothermal
gravitational equilibrium solutions of galactic structure theory, ([50]), can
be used via the cosmological Schro¨dinger equation to build quantum general
relativistic galaxy models.
39 Isothermal Cosmological Schro¨dinger Equation
The, mass per unit volume, density solutions of the new isothermal gravi-
tational equilibrium equation as functions of the usual dimensioned radius
parameter, r, and of the isotropic index, n, can be written as,
̺′(r, n) = ̺sc(n)r
2n
1−n , (39.1)
̺sc(n) =
(
−8K
4πG(1− n)2
) n
n−1
. (39.2)
The function ̺sc(n) is a dimensioned scale factor. It is easy to show that the
function (39.1) is a solution to a specific Schro¨dinger equation like (38.13)
by the following steps. Firstly, we note that the kinetic energy term of the
Schro¨dinger equation (38.13) has the resultant form, (39.4), when Ψ1(r, t)
is assumed to have the form,
Ψ1(r, t) = exp
(
−
E(n)it
~
)
̺
1/2
′ (r, n) = exp
(
−
E(n)it
~
)
̺1/2sc (n)r
n
1−n (39.3)
−
~
2
2m
∇2Ψ1(r, t) = −
~
2
2m
∂(r2∂Ψ1(r, t))
r2∂r2
= −
~
2n̺
1/2
′ (r, n) exp(−
E(n)it
~
)
2mr2(1− n)2
(39.4)
i~
∂
∂t
Ψ1(r, t) = E(n)Ψ1(r, t) = E(n) exp(−E(n)it/~)̺
1/2
′ (r, n)
(39.5)
the far right hand side of equation, (39.4), being all that is left from the
Laplace operator action on a function that only involves the radial length
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parameter r and the unitary exponential time factor. The second equation
above gives the result of the quantum energy operator acting on Ψ1(r, t).
Thus if we denote and define an external potential V (r) by
V (r)Ψ1(r, t) = E(n)Ψ1(r, t) +
~
2
2m
∇2Ψ1(r, t) (39.6)
=
(
E(n) +
~
2n
2mr2(1− n)2
)
̺
1/2
′ (r, n) exp(−E(n)it/~)
=
(
E(n) +
~
2n
2mr2(1− n)2
)
Ψ1(r, t) (39.7)
V (r) = E(n) +
~
2n
2mr2(1− n)2
(39.8)
E(n) = V (r)−
~
2n
2mr2(1− n)2
. (39.9)
we find looking at equations (39.4) → (39.9) that the solutions of the new
isothermal equilibrium equation are also solutions of the Schro¨dinger equa-
tion,
i~
∂
∂t
Ψ1(r, t) = −
~
2
2m
∇2Ψ1(r, t) + V (r)Ψ1(r, t), (39.10)
provided the an external potential contribution is defined by (39.6) or (39.8).
From (39.10) and the preceding discussion it follows that the cosmological
Schro¨dinger equation, (38.10), has quantum amplitude solutions that would
give the density solutions, (38.14), involving a factor from isothermal gravi-
tational theory for condensed galactic structure’s set within the dark matter
expanding substratum, just in fact, as it is thought is the case in the phys-
ical world. However, it seems from the quantum Schro¨dinger point of view
the stability of galaxies in this model involves an additional inverse square
law isothermal potential that is induced by positive gravity as it apparently
comes from isothermal theory but it is not quite positive gravity as usually
understood because the G coupling constant is not involved in the poten-
tial form. The Schro¨dinger equation (39.10) that I am claiming involves
amplitude solutions equivalent to the density solutions of the isothermal
gravitational equilibrium equation has been derived by a rather simplistic
mathematical argument so that one is entitled to ask to what extent is there
a physical basis for connecting the isothermal route density solutions to the
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quantum route apparently identical density solutions and what is the exter-
nal potential that apparently does not involve gravity all about? I discuss
this issue in more detail in the next subsection.
39.1 Cosmological Cohesion
It seems that viewing the isothermal equilibrium equation solutions struc-
ture from the schro¨dinger quantum equation point of view conjures up a
quantum cohesive force somehow emulating gravity but not quit being grav-
ity. Gravity in the isothermal sphere context involves a gravitational source
origin at the centre of the sphere with gravitation potential contributions
at any given radius coming from the whole sphere region within that radius
and it is this structure that holds the spherical mass together. Because the
same radius vector with the same origin as the gravitational vector appears
in the induced quantum external potential, it looks as though the contained
gravity of the isothermal sphere situation naturally induces an equivalent
local quantum cohesion potential. This perhaps would not have been no-
ticed before because it has been generally recognised that for gravitational
clumping to occur, although gravity can be seen as bringing dispersed mass
together, other forces are needed such as the electromagnetic or strong nu-
clear etc to maintain a stable clumped situation. The situation with regard
to clumping is so very complicated that a universal gravity induced clump-
ing force that could subsume all the others may not have been considered or
even thought necessary. We can compare the quantum force FU at radius,
r, derivable from (39.8) with the usual gravitation force FG at radius r to
get the ratio, RU,G, of the two force magnitudes at equation (39.13),
FU(r) = +
∂V (r)
∂r
=
∂
∂r
+~2n
2mr2(1− n)2
= −
~
2n
mr3(1− n)2
≡ kgms−2 (39.11)
FG(r) = +
∂VG(r)
∂r
= −
mMG
r2
≡ kgms−2 (39.12)
RU,G(M,m, n, r) =
FU(r)
FG(r)
=
~
2n
Mm2Gr(1− n)2
≈
1.6667× 10−58n
Mm2r(1− n)2
. (39.13)
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At radii rt at which the value of this ratio is unity, the cohesive force FU(rt) is
exactly equal to the gravitational force FG(rt) and for larger values of r > rt
the cohesive force becomes less than the gravitational force. The subscript
t is an abbreviation for takes over. From the way the dimensionless ratio
RU,G has been constructed, it seems to me that, a good interpretation of
its form and value can be stated as follows. The value of RU,G(M,m, n, r)
is a measure of the strength of the new quantum cohesive force exerted on
the mass m by the mass M when separated by the distance r compared
with the strength of the Newtonian gravitation force exerted on the mass
m by the mass M when separated by the same distance r in a Schro¨dinger
quantum mass thermal equilibrium assembly state, n(l). This is a very
clear meaningful statement except for the last nine words starting with,
in a Schro¨dinger , this point will be returned to shortly. I shall confine
discussion to the infinite set of discrete states determined by the positive
integers, l = 1, 2, 3 . . .∞ determined in the previous paper, [50].
Inspecting the formula (39.13), it is immediately obvious given the very
small numerical factor 1.6667× 10−58 that relative to the Newtonian force
the new cohesion force is negligible if the parameter product, Mm2r, only
involves macroscopic values and n is not very close to one. If on the other
hand, r is of the order of the very small length, 1.6667× 10−58 meters, the
strength of the cohesive force can dominate over the Newtonian gravitation
force even if the rest of the parameters are of macroscopic size. If we try
out in this formula astronomical masses such as M =Mg = 10
11mS, an ap-
proximate galactic mass and m = mS = 1.98892× 10
30 kg the approximate
mass of the sun and n not near one, we get,
RU,G(Mg, mS, n, r) ≈
1.6667× 10−159n
(1.98892)2r(1− n)2
(39.14)
and if this is to have any cohesion relevance then it looks as though we must
go down to ridiculous particle separations of the order of 10−159 meters for
the two forces to become comparable. Now this may not be impossible,
but at first thoughts, it does seem that using this formula with macroscopic
mass values is likely to be very difficult. However, if we lift the restriction
n not near one, the complexion of the problem changes dramatically be-
cause isothermal cohesive force for any state is determined by the function,
n(l)/(1 − n(l))2, as shown above and this can contribute a very large nu-
merical value when n(l) is near to one to cancel the numerical factor 10−159.
With l an integer just > 101/2 × 1079 for example, we get a multiplier of
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value just greater than 10159. l can therefore be chosen so that the value
of the parameter length r will be determined by the state implied by the
value of l chosen. Thus the physical viability of the formula is validated if
we take into account the great range, 1 ≤ l ≤ ∞, of isothermal equilibrium
states available within this theory. The implication is that simple models
for galaxies can be set up involving a mass M and secondary masses m′
separated from the first mass at radial distances r′ and held in position by
gravitational thermal equilibrium force.
The material above is exactly the course I followed when first thinking
about the formula (39.13). Following this, I tried out the microscopic case
M = mp, the mass of the proton with m = me, the mass of the electron and
was very surprised, though perhaps I shouldn’t have been, to find the value
of the mass of the proton is mp ≈ 1.6726× 10
−27 kg whilst the mass of the
electron is me ≈ 9.1094× 10
−31 kg and their product would just cancel the
10−58 factor . However, after using
RU,G(M,m, n, r) =
FU(r)
FG(r)
=
~
2n
Mm2Gr(1− n)2
(39.15)
G = 6.67259× 10−11 (39.16)
~ = 1.054571596× 10−34 (39.17)
~
2/G =
(1.054571596)210−68
6.67259× 10−11
≈ 1.6667× 10−58 (39.18)
and as as the electron mass is squared, the ratio turns out in this case to be
RU,G(M,m, n, r) =
1.6667× 10−58n
Mm2r(1− n)2
(39.19)
RU,G(Mp, me, n, r) ≈
1.6667× 1031n
1.6726× (9.1094)2r(1− n)2
(39.20)
and for the quantum cohesive force to take over from Newtonian gravity
in an n = 2 state the radial separation of the particles involved has to
be of order approximately r ≈ 2 × 1029 meters. This great distance does
strongly suggest, as one might expect, the cohesive force is not involved at
the atomic level as all the chemical elements involve microscopic electron
proton separations and further no correction is available from the positive
isothermal equilibrium state factor n(l)/(1 − n(l))2. Let us try a more
extreme pair of masses, (M,m), one macroscopic and one microscopic, in
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this formula. The approximate macroscopic mass of a galaxy M = Mg =
1.989× 1041 with the approximate mass of an argon gas atom, m = mAr =
6.6× 10−26.
RU,G(M,m, n, r) =
1.6667× 10−58n
Mm2r(1− n)2
(39.21)
RU,G(Mg, mAr, n, r) =
1.6667× 10−58n
(1.989× 1041)(6.6× 10−26)2r(1− n)2
(39.22)
=
1.6667× 10−58n
(1.989× 1041)(6.62 × 10−52)r(1− n)2
(39.23)
=
1.6667× 10−47n
(1.989)(6.62)r(1− n)2
. (39.24)
Here again, we can correct for the very small factor 10−47 by making use
of the versatile positive state factor n(l)/(1− n(l))2. Thus there are clearly
a substantial range of possible models for galactic dark matter structures
using the many state system from the new isothermal gravitational equi-
librium equation and the last case above, argon gas, identifies a definite
possible gaseous atomic material for dark matter. In the next subsection,
I discuss the cosmological cohesive force as a possible contributory factor
of the cosmological clumping process otherwise described as the condensa-
tion of uniformly spread expanding substratum mass to become separated
massive galactic bodies of relatively stable volume.
40 The Essence of Clumping
There is a general tendency or perhaps consensus among workers in astro-
nomical physics to regard clumping as the mechanism which takes spherical
regions of the primitive expanding mass substratum, reverses its expansion
by gravitation attraction towards the spherical centre ultimately to produce
the non-expanding isolated galactic mass structures we see today. This, of
course, is a very simple and indeed persuasive idea. However, when we
begin to think about clumping as a definite physically describable process,
we soon recognise a very great deficiency in what the mechanism described
above actually is on any precise and detailed level. For a start it cannot
be said that we understand what the physical cosmological mass substra-
tum is. Is it mass or energy? Is it continuous or is it particulate? If it is
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particulate, how varied in size and indeed how massive are objects of which
it is composed and is the mass built from fundamental particles that we
presently know about? Then there is the question of how it changes over
the vast lengths of time that are thought to be involved. All we know about
this change with time is that it is overwhelmingly complicated with mass
accumulations changing their character, forms, motions and interactions
with all aspects of physics involved from gravity down to fundamental par-
ticle interactions under quantum mechanics. After all these changes have
occurred, can it be said that we know when there is a clumped state of the
cosmos even locally? I suggest not, because we do not know if there is such
a thing as maximally clumped packet of mass or even what such a physical
condition would mean. I think the remarks above greatly understate the
difficulties of finding a definite theoretical structure to describe clumping.
However, I also think that the cosmological Schro¨dinger equation described
earlier offers a small step towards beginning to understand what the overall
process of clumping is all about, or expressed otherwise the Schro¨dinger
view of the clumping process can help us find the essence of clumping and
this will be explained next.
At the human common experience level we all accept that the solid sur-
faces that we walk on or come in contact with in the course of every day
life is clumped mass usually occupying some closed spatial region. However,
although indirectly over time such mass regions may have come together as
a result of gravitational attraction it is not gravity that holds such closed re-
gions of mass together. Rather a loose rock just lying on the earth’s surface
is held together by internal and surfaces forces that are certainly quantum
electronic and nuclear in character. At such a surface the force involved is
the Van der Waal force between molecules. On the other hand, gravity ap-
parently does keep the rock in contact with the earth’s surface. Gravity also
acts between the clumped mass moon and the clumped mass earth to pro-
duce the clumped mass earth-moon system involving the moon’s velocity to
overcome the gravitational centripetal force and maintain the total clumped
mass system in an approximate steady state that is not expanding. Clearly
we can build up the idea of what a clumped mass system is as far even
to the galactic scale regarded as a clumped mass but when we look at the
details of such a large system we can always find surfaces separating com-
ponent mass configuration themselves clumped in which gravity and other
atomic forces such as the electronic and nuclear conspire to generate some
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form of steady state equilibrium locally with the whole large system being
in an approximate steady state and not expanding. Of course, clumped
mass is also often present within fluid boundaries, the sun for example, or
even gaseous surfaces under which conditions Van de Waal forces are op-
erative in holding massive material together, see for example [51]. Thus
it seems that basic to clumping there is always a complex diverse systems
of forces complementary to the gravity force that helps maintains a local
steady state equilibrium that may originally have been generated by grav-
itational attraction between mass elements of some sort or other. Thus
as first thoughts it appears that the clumping idea is as complicated as is
the cosmos its self. However from these considerations there does seem to
emerge some abstract idea of what a clumped cosmological system is which
can be expressed as follows. A clumped cosmological system involves an
assembly of mass packets in relative motions under gravity and individually
held together by self non-gravitational forces so that the whole assembly is
in an approximate steady state condition. Thus far our definition of complex
clumped systems is defined in terms of sub clumped systems and therein the
essence of clumping can be seen to emerge as follows. A clumped system
is a mass packet in an approximate steady state condition constrained by
internal non gravitational and or surface forces so that it is not expanding
with the cosmological substratum. Thus clumping as just defined is very
close to the somewhat consensus view mentioned at the start of this dis-
cussion. However, this definition does mention the very important internal
forces involved.
The new isothermal gravitational equilibrium solutions were obtained by
consideration of the end condition of a spherical gas like distributed mass
density settling into self equilibrium under its internal gravity. This is a
very simple example of mass actually clumping under gravity to form a
steady state system that is not expanding. Putting such solutions into the
cosmological Schro¨dinger equation and finding the complementary force to
gravity and its potential that is necessary to maintain this equilibrium is
possible because the solutions I am using are so simple. The derivation of
a single simple force to describe the gas gravity clumped situation is only
possible because the end point states used here are vastly simpler than the
general complicated real world physics states described above that occur in
nature. As a result of such considerations, I suggest that the force (39.11)
is an idealised smooth quantum microscopic, local and very regular force.
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It arises in this model of a mass clumped gas situation state and takes over
from gravity to give the steady state conditions implied by the Schro¨dinger
equation. I say smooth because the mass distributions, the isothermal grav-
ity equilibrium states, being employed are smooth very symmetric and do
not have the gaps between chunky parts as I have been describing earlier.
On the contrary, each state is a single system in a steady state configuration
and so one would expect the force needed to hold the state together in a
steady state configuration would reflect this simplicity characteristic. The
recognition that there is such a force from this work is simply the result of
looking at the local galactic mass stability situation from the Schro¨dinger
equation quantum theory point of view which locally describes a possible
quantum end point of clumping for a gas cloud condensed from the ex-
panding substratum by gravity. This new force is essentially the Van de
Waal force associated with dark matter as represented by an isothermal
gravitational gas.
41 Conclusions
The work described above brings together two distinct features arising from
the dust universe cosmological model studies. The two features are a
cosmological non-linear Schro¨dinger equation and the many solutions of
a new isothermal gravitational equilibrium equation. The cosmological
Schro¨dinger equation is constructed so that it has steady state amplitude
solutions that are such that by forming their Hermitian scalar products,
densities are produced that are exactly the mass densities that arise in the
new isothermal equilibrium equation set in a background uniform time de-
pendent density that arises in the general relativity dust universe model
describing the expanding substratum. The solutions of the isothermal equi-
librium equation give mass densities that imply for orbits, not too near the
mass centroid of the galaxy, flat galactic rotation curves just as are presently
observed. Thus the solutions of the cosmological schro¨dinger equation give,
as eigen-functions dependent on an integer quantisation number l such that
the isotropic index, n(l), depends on l in a definite way, n(l) = 2l/(2l− 1),
representations of galaxies embedded in the expanding substratum back-
ground.
Brief considerations of the complexity of physical cosmological mass
clumping in the formation of galaxies over epoch time leads to a succinct
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identification of the essence of clumping. A view of the clumping process
that is not far from the usual consensual understanding but does addition-
ally put emphasis on the possible end point of the clumping process. The
equilibrium arising from gravitational assembling mass has to terminate in
an approximate steady state condition maintained in equilibrium by local
quantum level molecular forces. This situation is very successful described
by the cosmological Schro¨dinger equation by supplying the external po-
tential that is necessary generate the force field needed hold the density
solutions of the isothermal equilibrium equation in their steady state equi-
librium condition. Thus the cosmological Schro¨dinger equation bridges the
great conceptual gulf between the cosmological substratum and the world
described by quantum physics. The quantum force operative at this termi-
nal point of clumping in the isothermal gravitational gas situation is found
to be an inverse cube law force just depending on the isotropic index of the
condensed state being considered.
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43 Abstract Appendix 6
Using a new isothermal gravity equilibrium theory, the dust universe model
together with a cosmological Schro¨dinger equation are applied to solving
the problem of generating mass spectra. The masses generated can range
from sub fundamental particle rest masses to masses greater than that of
the universe. The ranges all depend on a quantum integer number l, related
to the isotropic index n, which can lie between unity and infinity. One such
mass obtained is given by l = 8 and can represent a small galaxy. The rota-
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tion curves for stars, in motion, within this galaxy are examined for flatness
and found to have gradients of approximately, −10−23. Examination of the
Newtonian gravitation potential associated with these mass quanta reveals
that it is, consistent with the dust universe model, based on Einstein’s cos-
mological constant, Λ, rather than on Newton’s gravitational constant, G,
as this last constant disappears by fractional cancellation within the theory
structure. Thus this quantization of gravity is based on the cosmologi-
cal constant. There is found within this theory structure a simulation of
negative mass from suitably geometrically orientated positive mass. It is
suggested that this feature could supply an explanation for the character of
dark energy mass as being due to suitably orientated positive mass. How-
ever, this last point needs further study. This paper is a corrected version
involving an added section (50) explaining the corrections.
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44 Introduction Appendix 6
This paper is a follow up of papers, [48], [49], [50] and [52] of similar titles on
the problem of formulating the equation that describes the equilibrium of a
gaseous material in a self gravitational equilibrium condition in the galaxy
modelling context, [47], see also, appendix 2 of ([35]). Here I shall examine,
in more detail, the quantum set of dark matter density distributions ̺(r, n)
which depend on the radial distance r and the isotropic quantum state index
n(l) = 2l/(2l − 1) rational number which itself depends on the quantum
integer numbers l : 1.2.3...∞. The, mass per unit volume, density solutions
of the new isothermal gravitational equilibrium equation as functions of the
usual dimensioned radius parameter, r, and of the isotropic index, n, can
be written as,
̺′(r, n) =
(
−2K
πG(1− n)2
) n
n−1
r
2n
1−n , (44.1)
It is easy to show that the function (44.1) can be used as the space depen-
dent part of a steady state solution to a specific Schro¨dinger equation by
the following steps. Firstly, given a function, E(n), for a set of energies
dependent on the parameter n, we note that the kinetic energy term of
the Schro¨dinger equation (44.8) will have the form, (44.3), when Ψ1(r, t) is
assumed to have the product form,
Ψ1(r, t) = e
−
E(n)it
~ ̺
1/2
′ (r, n)
= e−
E(n)it
~
(
−2K
πG(1− n)2
) n
2(n−1)
r
n
1−n (44.2)
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−
~
2
2m
∇2Ψ1(r, t) = −
~
2
2m
∂(r2∂Ψ1(r, t))
r2∂r2
= −
~
2n̺
1/2
′ (r, n) exp(−
E(n)it
~
)
2mr2(1− n)2
(44.3)
i~
∂
∂t
Ψ1(r, t) = E(n)Ψ1(r, t) = E(n) exp(−E(n)it/~)̺
1/2
′ (r, n)
(44.4)
The second equation above gives the result of the quantum energy operator
acting on Ψ1(r, t). Thus if we denote and define an external potential V (r)
by
V (r)Ψ1(r, t) = E(n)Ψ1(r, t) +
~
2
2m
∇2Ψ1(r, t) (44.5)
=
(
E(n) +
~
2n
2mr2(1− n)2
)
Ψ1(r, t) (44.6)
V (r) = E(n) +
~
2n
2mr2(1− n)2
, (44.7)
we find looking at equations (44.3) → (44.7) that the square roots of solu-
tions of the new isothermal equilibrium equation are also solutions of the
Schro¨dinger equation,
i~
∂
∂t
Ψ1(r, t) = −
~
2
2m
∇2Ψ1(r, t) + V (r)Ψ1(r, t), (44.8)
provided the an external potential contribution is defined by (44.7). It
follows from this that the mass densities of the new isothermal equilibrium
equations, apart from a multiplicative dimensioned constant, coincide with
the probability densities of the Schro¨dinger equation. The formula at lines
(44.5) and (44.6) has a well known significance in the quantum regime.
It represents as shown at (44.10) the statement that Ψ1(r, t) is an eigen-
function of the operator version of the external potential,
Vˆ (r) = i~
∂
∂t
+
~
2
2m
∇2 (44.9)
Vˆ (r)Ψ1(r, t)) = V (r)Ψ1(r, t) (44.10)
V (r) = E(n) +
~
2n
2mr2(1− n)2
, (44.11)
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and in this case the eigen-values of this operator are given by the func-
tion V (r) at (44.11), these actual values being determined by whatever the
appropriate value of the isotropic index n happens to be. Thus more ap-
propriately, we should make the notation changes at (44.12) and (44.13)
with the consequent change in the schro¨dinger equation (44.8) recorded at
(44.14).
Ψ1(r, t) → Ψ1(r, t, n) (44.12)
V (r) → V (r, n) (44.13)
i~
∂
∂t
Ψ1(r, t, n) = −
~
2
2m
∇2Ψ1(r, t, n) + V (r, n)Ψ1(r, t, n). (44.14)
Thus we have, perhaps, the unusual quantum situation, that what might be
called an augmented Laplace operator Vˆ (r), (44.9), has steady state eigen-
functions which are solutions of an eigen-Schro¨dinger equation (44.14). The
solutions Ψ1(r, t, n) of the Schro¨dinger equation (44.14) can be used to give
a space variable character to the spatially constant but epoch time variable
solutions of the basic quantum solution, ρ1/2(t), of the dust universe model
just by multiplication as below
Ψ(r, t) = Ψ1(r, t, n)Ψnl,ρ(t), (44.15)
where
Ψnl,ρ(t) = ρ
1/2(t) = A1/2 sinh−1(3ct/(2RΛ)) (44.16)
A = (3/(8πG))(c/RΛ)
2 (44.17)
RΛ = (3/Λ)
1/2. (44.18)
and
i~∂Ψnl,ρ(t)
∂t
= VC(t)Ψnl,ρ(t) (44.19)
VC(t) = −(3i~/2)H(t) (44.20)
H(t) = (c/RΛ) coth(3ct/(2RΛ)) (44.21)
ρ(t) = (3/(8πG))(c/(RΛ)
2 sinh−2(3ct/(2RΛ)). (44.22)
H(t) above is the epoch time variable Hubble constant and ρ(t) is the epoch
time variable substratum density both from the dust universe model. The
objective of this work so far is to establish that the wave function Ψ(r, t)
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defined at (44.15) is the solution of a cosmological Schro¨dinger equation
which might be described as a hybrid structure giving a theoretical mixture
of general relativity and quantum theory from a new isothermal gas gravity
self equilibrium theory. The cosmological Schro¨dinger equation takes the
form,
i~∂Ψ(r, t)
∂t
= −
~
2
2m
∇2Ψ(r, t) + V (r, t)Ψ(r, t) + VC(t)Ψ(r, t),(44.23)
where VC(t), the feed back potential, is given by equation (44.20). There
is a freedom to choose the numerical multiplier both in magnitude and di-
mensionality that goes along with the solutions of the Schro¨dinger equation
(44.14) because of its linearity. This multiplier will be determined by the
way the solutions are to be used. The intention here is to use these solu-
tions to modulate with space variability the otherwise time only dependent
substratum quantum solutions from general relativity. Because these wave
functions are not complex the mass density solutions from the quantum
Hermitian product is just the square of the wave function for the substra-
tum from general relativity, ρ(t) = Ψnl,ρ(t)Ψ
∗
nl,ρ(t)→ Ψ
2
nl,ρ(t). This squared
quantity has the built in dimensionality of mass per unit volume. Thus if
the density solutions of the cosmological Schrodinger equation is to have
the dimensions of mass per unit volume then the wave function Ψ1(r, t, n)
used as a multiplier at (44.15) needs to be taken, initially at least, as di-
mensionless. Recalling the definition of this wave function at (44.2)
Ψ1(r, t) = e
−
E(n)it
~
(
−2K
πG(1− n)2
) n
2(n−1)
r
n
1−n (44.24)
it can be seen that a dimensionless version of this is easily obtained if it is
written in the form
Ψ1(r, t) = e
−
E(n)it
~
(
−2a
π(1− n)2
) n
2(n−1)
(r/r0)
n
1−n , (44.25)
where a is a dimensionless real number numerically equal to K/G is used
to replaces the dimensioned quantity, K/G, and r0 is a dimensioned length
both determined by the physical context of application. Thus finally we
can write out in full the solution for the cosmological Schro¨dinger equation
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(44.23) associated with the isotropic index n as at (44.27) etc
Ψ(r, t, n) = Ψ1(r, t, n)Ψnl,ρ(t) (44.26)
= e−
E(n)it
~
(
−2a
π(1− n)2
) n
2(n−1)
(r/r0)
n
1−nΨnl,ρ(t)
(44.27)
Ψnl,ρ(t) = ρ
1/2(t) = A1/2 sinh−1(3ct/(2RΛ)) (44.28)
A =
(
3
8πG
)(
c
RΛ
)2
(44.29)
RΛ = (3/Λ)
1/2. (44.30)
We should note that the mass density per unit volume solutions of the
cosmological schro¨dinger equation are given by the usual Hermitian scalar
product,
ρS(r, t, n) = Ψ(r, t, n)Ψ
†(r, t, n) (44.31)
=
(
−2a
π(1− n)2
) n
n−1
(r/r0)
2n
1−nΨ2nl,ρ(t). (44.32)
From here on in this paper, the work will be carried through in terms of
the integer quantization parameter, l, rather than in terms of the isotropic
index, n = 2l/(2l−1). The quantum number l will be placed as a subscript
so that we have
ρS,l(r, t) = ρS(r, t, n(l)), n(l) =
2l
2l − 1
, Ψ2nl,ρ(t) = ρ(t) (44.33)
ρS,l(r, t) =
(
2a(2l − 1)2
π
)2l
(r/r0)
−4lΨ2nl,ρ(t) (44.34)
= ρ1,l(r)ρ(t) = ρb,l(r)(ρ(t)/ρ(tb)) (44.35)
ρ1,l(r) =
(
2a(2l − 1)2
π
)2l
(r/r0)
−4l (44.36)
ρb,l(r) = ρ(tb)
(
2a(2l − 1)2
π
)2l
(r/r0)
−4l (44.37)
= σl(r0)r
−4l, say, with (44.38)
σl(r0) = ρ(tb)
(
2a(2l − 1)2
π
)2l
r4l0 . (44.39)
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The formula at (44.34) above gives the density solutions, ρS,l(r, t), of the
cosmological schro¨dinger in terms of the integer quantization parameter l
which is now placed as a subscript on the density.
The introduction of the constant ρ(tb) at that line is self cancelling so
that the solution of the cosmological Schro¨dinger is not changed but in ef-
fect the two distinct differential equations are renormalized, if from now
on, ρb,l(r) is taken to be a density solution of the differential equation for
Ψ1(r, t, n). The introduction of the self cancelling function at line (44.35)
is important for the physical-philosophical interpretation of the solutions
of the cosmological Schro¨dinger equation. By construction the solutions of
this equation take the product form (44.35), one factor of this product is
pure quantum mechanics and the other is pure cosmology from the dust
universe model. However, as we have seen, without the ρ(tb), the solutions
of the quantum part Ψl,1(r) have to be dimensionless and so the Hermitian
product form cannot represent a mass density. It can however, be regarded
as a spatial modulation of the cosmological factor. My suggestion is that
the product with or without the ρ(tb) factor represents two points of obser-
vational view. With the ρ(tb) the density solutions, ρb,l(r), of the Ψ1(r, t, n)
equation represent the view of an observer within and part of its quantum
system with cosmology somewhat sidelined. Without the ρ(tb) , the cos-
mological Schro¨dinger equation solutions represent the view of a general
observer not particularly interested in any specific galaxy but being con-
scious that regions within galactic domains are spatially different from the
substratum. With this philosophical slant on the meaning of the product
solutions of the cosmological Schro¨dinger equation, the with ρ(tb) can be
explained as follows. It is usually assumed that galaxies have been around
for a very long time. Often it is suggested that the milky way is nearly
as old as the universe itself. This seems to be a very reasonable idea and
along with this idea it seems likely that a galaxy is a large amount of mass
conserved within a not expanding volume. Thus galaxies seem to be objects
of almost constant mass density over very large epoch times. Obviously a
region of astro-space which accommodates a galaxy is greatly distinguished
by its mass density from the substratum mass density in which it swims.
Now although mass density may be conserved, if this mass density is mean
or average mass density in the region of occupation, great changes or evo-
lution of the local distribution of this mass within the galactic region is
not precluded from taking place over time. We can envisage the beginning
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of a new galaxy as a birth process taking place at a definite epoch time,
tb, by a quantum process in which a spherical region of the substratum at
the time tb, when the substratum density is ρ(tb), stops expanding with
the substratum by a spatially extended change of state. A region fractures
from the substratum at time tb to retain the mass and volume at its birth to
follow its own evolution under the cyclic steady state factor (44.27). Thus
for all following times the actual internal mass mean density will retain its
birth value ρ(tb) whilst the environment substratum mass density outside
the galactic region will at time t have assumed the much reduced evolved
value ρ(t) for t > tb. Thus the birth of a galaxy can be regarded as a
random centred and time determined quantum change of state process that
effects spherical volumes of the substratum which then evolves scale wise
independently of their environment except for their mass centroids which
will move with the environment. This is what the wave function Ψ1(r, t, n)
describes. It is convenient at this point to introduce a useful conceptual
radius associated with the birth of a galaxy. The structure is such that we
know two physical characteristics involved with a galactic birth. Its mass
Ml can be found from the theory given its quantum state l and its uniform
mass density ρ(tb) equal to the substratum mass density at the moment of
birth given by the assumed time of birth tb. Thus we can define a con-
ceptual spherical volume Vb =
Ml
ρ(tb)
=
4πr3
b
3
and the conceptual radius rb
associated with the birth process. I shall interpret this conceptual radius
as the radius of a sphere of visible material that suddenly appears at time
tb although it is not likely that there will have been any observers to see
the creation event. However, this is not mass creation from nothing, it is
a visible change of state of the pre-existing substratum mass. Thus I shall
call rb the visibility radius of the galaxy and as previously discussed this is
a feature that stays with the galaxy for very many following years. This
radius is theoretically important because the object that it represents is
mathematically an infinitely radially extended material sphere. This can be
the recognition of the recently substantiated conclusion that with galaxies
what you see is only part of the story.
The n in the subscript nl above at (44.33) which is short for non-linear
should not be confused with the isotropic index n. The version at (44.35)
gives the density solution of the cosmological schro¨dinger in terms of the
corresponding density solution of the related schro¨dinger equation (44.14)
with (44.38) and (44.39) giving a convenient abbreviation for this func-
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tion. So far in this paper, the argument has been developed on the premiss
that eigen-values for steady state energies for the mass density distributions
(44.1) are given in the form of the function E(n) of the isotropic index n.
In the next section, I shall show that there is a natural function within the
quantized isothermal theory for the dark matter galaxy halos that fits this
bill.
45 Steady State Dark Matter Energies, E(n)
In reference, [50], I showed that in general relativity the total gravitationally
effective mass within a sphere of radius r for a spherically extended source
in an isotropic equilibrium state can be written as,
MGR(r) = M
+(r) +MP (r)−MΛ(r) =
∫ r
rǫ
̺g(r
′)dr′ +Mǫ. (45.1)
The actual mass as opposed to effective mass within the same sphere is
Mgr(r) = M
+(r) +MP (r) +MΛ(r) (45.2)
because all masses and mass densities are to be taken as positive. To avoid
confusion, I am using the lower case subscript gr for actual mass. The
effective mass MGR(r) expression above is a convenient abbreviation for
MGR(r) = (G+M
+(r) +G+MP (r) +G−MΛ)/G (45.3)
G+ = +G (45.4)
G− = −G. (45.5)
The Newtonian gravitational potential at radius r from the centre of a dis-
tribution such as (44.34) above is given by
VG(r) =
Mgr(r)G
r
. (45.6)
Here, as indicated by lower case subscript gr, the mass should be the actual
mass. In earlier versions of this paper, I mistakenly used the effective mass.
This change has the consequence that further changes have been made in the
following text. This includes the addition of a section (50) in this version
of this paper entitled Explanation of Corrections in which my mistake is
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explained and is implications are discussed. If we are to use the potential
(45.6) then M+(r) for example needs to be calculated from the formula,
M+(r) =
∫ r
0
ρb,l(r, t)4πr
2dr. (45.7)
= σl(r0)
∫ r
0
r−4l4πr2dr (45.8)
= σl(r0)
∫ r
0
r2−4l4πdr (45.9)
= 4πσl(r0)
[
r3−4l
3− 4l
]r
0
. (45.10)
The 4πr2 factor in the first two integrals above converts the mass density per
unit volume to mass per unit radius. The integer quantization parameter
l can have the numerical values, 1, 2, 3, 4 . . . . . .∞. It follows that 3 − 4l is
always negative.
3− 4l < 0 ∀l. (45.11)
Thus the upper value for r in (45.10) can be ∞ when r3−4l → 0 but at the
lower limit when r → 0, the lower value of r3−4l diverges to ∞. It follows
that the raw density functions cannot comfortably be used in calculations.
In fact, nature comes to the rescue here with the factual existence of galactic
cores. What seems to me to be the simplest assumption is to replace the
densities ρb,l(r) with a more physical realistic densities, ρb,l,ǫ(r), defined as
follows
ρb,l(r) → ρb,l,ǫ(r) = ρb,l(r) r ≥ rǫ (45.12)
ρb,l(r) → ρb,l,ǫ(r) = ρb,l(rǫ) r < rǫ (45.13)
lim
rǫ→0
ρb,l,ǫ(r) = ρb,l(r) ∀l (45.14)
with the region within the radius rǫ being regarded as the galactic core and
having the constant density ρb,l(rǫ). The last equation above shows that
this modification is reversible by taking the limit rǫ → 0. Thus for practical
calculational purposes we can work with the always finite densities ρ1,l,ǫ(r)
and if needs be take the limit rǫ → 0 afterwards. However, I shall usually
drop the ǫ subscript on these densities and only restore it, if it is really
needed in context. Let us now return to calculating the effective mass
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within a sphere of radius r using the finite everywhere densities. Firstly
consider the positively gravitating mass excluding the pressure generated
part MP (r) calculated above,
M+(r) =
∫ r
0
ρb,l,ǫ(r, t)4πr
2dr (45.15)
= σl(r0)
∫ rǫ
0
rǫ
−4l4πr2dr + σl(r0)
∫ r
rǫ
r−4l4πr2dr (45.16)
= σl(r0)
∫ rǫ
0
r−4lǫ r
24πdr + σl(r0)
∫ r
rǫ
r−4l4πr2dr (45.17)
= σl(r0)r
−4l
ǫ
[
r3
3
]rǫ
0
4π + 4πσl(r0)
[
r3−4l
3− 4l
]r
rǫ
(45.18)
= 4πσl(r0)
(
r−4lǫ
r3ǫ
3
+
r3−4l
3− 4l
−
r3−4lǫ
3− 4l
)
(45.19)
= 4πr4l0 ρ(tb)
(
2a(2l − 1)2
π
)2l(
r−4lǫ
r3ǫ
3
+
r3−4l
3− 4l
−
r3−4lǫ
3− 4l
)
= 4πr4l0 ρ(tb)
(
2a(2l − 1)2
π
)2l(
r3−4l
3− 4l
−
4lr3−4lǫ
3(3− 4l)
)
(45.20)
= Al
(
4lr3−4lǫ
3
− r3−4l
)
, say (45.21)
Al =
4πr4l0 ρ(tb)
4l − 3
(
2a(2l − 1)2
π
)2l
. (45.22)
According to construction here the mass of the core Mǫ should be given by
r = rǫ in equation (45.15) and inspection of (45.19) shows that the core
mass is
Mǫ = M
+(rǫ) = 4πσl(r0)
r3−4lǫ
3
= Al
r3−4lǫ
3
. (45.23)
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Using s(t) to denote the function sinh−2(3ct/(2RΛ)), the total mass of this
type is
M+(∞) = 4πr4l0 ρ(tb)
(
2a(2l − 1)2
π
)2l(
4lr3−4lǫ
3(4l − 3)
)
= Al
(
4lr3−4lǫ
3
)
(45.24)
=
12πr4l0 s(tb)
8πG
(
c
RΛ
)2(
2a(2l − 1)2
π
)2l(
4lr3−4lǫ
3(4l− 3)
)
. (45.25)
Thus the ratio of total mass of this type to core mass is
M+(∞)
M+(rǫ)
=
4l
4l − 3
. (45.26)
Formula (45.25) can be regarded a giving the total mass Mg(rǫ, r0, l) =
M+(∞) of this type of a galaxy represented as having values for its param-
eters given by (rǫ, r0), if additionally it is in the gravitational equilibrium
quantum state given by the integer, l. Other parameters used in this formula
have approximate known numerical values. The parameter a can be taken
to be just the non dimensioned numerical value of the dimensioned ratio
R/G from isotropic gravitation theory. Let us now consider the positively
82
gravitation mass arising from Einstein’s pressure term
MP (r) =
∫ r
0
3P (r′)4πr′2
c2
dr′ =
∫ r
0
3K′̺
4l−1
2l (r′)4πr′2dr′ (45.27)
=
∫ r
0
3K′(ρ1,l(r
′))
4l−1
2l 4πr′2dr′
=
∫ r
0
3K′
((
2a(2l − 1)2
π
)2l(
r′
r0
)−4l) 4l−12l
4πr′2dr′ (45.28)
=
12πK′
r2−8l0
(
2a(2l − 1)2
π
)4l−1 ∫ r
0
(r′)
4−8l
dr′ (45.29)
=
12πK′
r2−8l0
(
2a(2l − 1)2
π
)4l−1(
r2−8lǫ r
3
ǫ
3
+
r5−8l
5− 8l
−
r5−8lǫ
5− 8l
)
=
12πK′
r2−8l0 (8l − 5)
(
2a(2l − 1)2
π
)4l−1(
r5−8lǫ (8l − 2)
3
− r5−8l
)
= Bl
(
r5−8lǫ (8l − 2)
3
− r5−8l
)
, say (45.30)
Bl =
12πK′r
8l−2
0
(8l − 5)
(
2a(2l − 1)2
π
)4l−1
(45.31)
P (r) = c2K′ρ1,l,ǫ(r)
4l−1
2l . (45.32)
The last equation above is the Lane-Emden type polytropic gas equation
used above in a form most suitable for use with this work in terms of the
quantum number l. K′ is a constant with dimensions of mass per unit
volume and ρ1,l,ǫ(r)
4l−1
2l is the dimensionless mass density defined at (44.35)
and (44.36) and core modified, see (45.12) etc. The negatively gravitating
mass MΛ(r) within a sphere of radius r and volume 4πr
3/3 is the easiest
term to obtain. It is
MΛ(r) =
4πr3
3
(3/(4πG))(c/RΛ)
2 =
c2Λr3
3G
(45.33)
= Clr
3, say (45.34)
Cl =
c2Λ
3G
. (45.35)
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That is to say MΛ(r) is the volume times twice Einstein’s dark energy
density term,
(3/(8πG))(c/RΛ)
2 =
c2Λ
8πG
. (45.36)
Thus the total gravitationally effective mass within a spherical volume is
given by the sum of the three components M+, MP and −MΛ,
MGR(r) = M
+(r) +MP (r)−MΛ(r) (45.37)
= Al
(
4lr3−4lǫ
3
− r3−4l
)
+Bl
(
r5−8lǫ (8l − 2)
3
− r5−8l
)
− Clr
3
(45.38)
Al(r0) =
4πr4l0 ρ(tb)
4l − 3
(
2a(2l − 1)2
π
)2l
=
r4l0 s(tb)c
2Λ
2G(4l − 3)
(
2a(2l − 1)2
π
)2l
(45.39)
Bl(r0) =
12πK′r
8l−2
0
(8l − 5)
(
2a(2l − 1)2
π
)4l−1
=
3r8l−20 s(tb)c
2Λ
2G(8l− 5)
(
2a(2l − 1)2
π
)4l−1
(45.40)
Cl =
c2Λ
3G
. (45.41)
From (45.38), we can find the total core mass is given by,
MGR(rǫ) = Al
(
4lr3−4lǫ
3
− r3−4lǫ
)
+Bl
(
r5−8lǫ (8l − 2)
3
− r5−8lǫ
)
− Clr
3
ǫ
= Al
(
4l
3
− 1
)
r3−4lǫ +Bl
(
(8l − 2)
3
− 1
)
r5−8lǫ − Clr
3
ǫ (45.42)
= Al
(
4l − 3
3
)
r3−4lǫ +Bl
(
(8l − 5)
3
)
r5−8lǫ − Clr
3
ǫ . (45.43)
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It follows that
MGR(r)−MGR(rǫ) = Al
(
r3−4lǫ − r
3−4l
)
+Bl
(
r5−8lǫ − r
5−8l
)
−Cl(r
3 − r3ǫ ) (45.44)
= MGR,ǫ + Al
(
−r3−4l
)
+Bl
(
−r5−8l
)
− Cl(r
3)
(45.45)
MGR,ǫ = Al
(
r3−4lǫ
)
+Bl
(
r5−8lǫ
)
− Cl(−r
3
ǫ ) (45.46)
MGR(r) = MGR,ǫ′ + Al
(
−r3−4l
)
+Bl
(
−r5−8l
)
− Cl(r
3)
(45.47)
M+GR(r) = MGR,ǫ′ + Al
(
−r3−4l
)
+Bl
(
−r5−8l
)
(45.48)
MGR,ǫ′ = MGR,ǫ +MGR(rǫ) (45.49)
M+GR(r) = MGR(r) + Cl(r
3). (45.50)
Formula (45.48) is a key result for this section, in a suitably simplified form,
which can be used to find, the quantum steady state energy values El and
which I also intend to try out for the special case quantum state l = 8 as a
generator of galactic rotation curves. The reason for this choice of special
case will be explained later. This involves evaluating the coefficients having
given the free parameters specific values. This will be carried through in
the next subsection after firstly dealing with the steady state energies issue.
From formula (45.48) we can obtain the total positively gravitating mass
Ml associated with each quantum state l by taking the limit r → ∞ with
the result
Ml = M
+
GR(∞) = MGR,ǫ′ =MGR,ǫ +MGR(rǫ) (45.51)
as both 3 − 4l and 5 − 8l are negative. To obtain this result the nega-
tively gravitating dark energy mass involved in the term −Cl(r
3) has to be
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excluded as at (45.48). In more detail
Ml = M
+
GR(∞) = Al
(
r3−4lǫ
)
+Bl
(
r5−8lǫ
)
− Cl(−r
3
ǫ ) +
Al
(
4lr3−4lǫ
3
− r3−4lǫ
)
+
Bl
(
r5−8lǫ (8l − 2)
3
− r5−8lǫ
)
− Clr
3
ǫ (45.52)
=
r4l0 s(tb)c
2Λ
2G(4l − 3)
(
2a(2l − 1)2
π
)2l(
4lr3−4lǫ
3
)
+
3r8l−20 s(tb)c
2Λ
2G(8l − 5)
(
2a(2l − 1)2
π
)4l−1(
r5−8lǫ (8l − 2)
3
)
(45.53)
=
r4l0 s(tb)MG2lr
3−4l
ǫ
R3Λ(4l − 3)
(
2a(2l − 1)2
π
)2l
+
3r8l−20 s(tb)MGr
5−8l
ǫ (4l − 1)
R3Λ(8l − 5)
(
2a(2l − 1)2
π
)4l−1
.(45.54)
It is interesting to consider the meaning of this last formula under the
factored dimensioned decomposition of the gravitational constant, G, as in
the last two lines above
G = M−1G R
3
Λ(RΛ/c)
−2, (45.55)
→
c2Λ
G
=
3MG
R3Λ
(45.56)
where RΛ is the de Sitter radius, and which essentially defines a mass MG
[53] and if we represent the total mass associated with a galaxy in a quantum
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state l and as defined by the parametric values rǫ and r0 asMg,l(rǫ, r0), then
MGR(∞) → Mg,l(rǫ, r0)
Mg,l(rǫ, r0) =
r4l0 s(tb)MG2lr
3−4l
ǫ
R3Λ(4l − 3)
(
2a(2l − 1)2
π
)2l
+
3r8l−20 s(tb)MGr
5−8l
ǫ (4l − 1)
R3Λ(8l − 5)
(
2a(2l − 1)2
π
)4l−1
(45.57)
N−1l (r0, rǫ) =
Mg,l(rǫ, r0)
MG
=
r4l0 s(tb)2lr
3−4l
ǫ
R3Λ(4l − 3)
(
2a(2l − 1)2
π
)2l
+
3r8l−20 s(tb)r
5−8l
ǫ (4l − 1)
R3Λ(8l − 5)
(
2a(2l − 1)2
π
)4l−1
, (45.58)
where Nl(r0, rǫ) is the number of galaxies in quantum state l that would be
needed to form a universe of total mass MG.
The objective of this section was to find the steady state energies
El = E(n(l)) (45.59)
to be associated with the sub-factor density solutions of the cosmological
Scho¨dinger equation represented as functions of the quantization integer
l. From the above discussion, after taking into account the more detailed
specification of the solutions by rǫ and r0, a good choice seems to be
El(rǫ, r0) = Mg,l(rǫ, r0)c
2. (45.60)
The mass MG from the decomposition of the gravitational constant has an
approximate value 2.00789× 1053kg which is close to estimates of the total
mass of the universe that have been made in recent years. This actual
theoretical value is a possible candidate for an exact value for the mass of
the universe. Thus the formula (45.57) gives a quantized relation between
a possible mass for the universe MG and how that as a total mass can be
additively built from a number Nl, (45.58), of galactic masses of specific
type, quantum number l and of parametric form determined by the values
given to r0, rǫ. I shall examine this rather unexpected relation between
the possible large mass of the universe and galactic sub-masses in the next
section.
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46 Galactic Masses relation to Universe Mass
I have shown in reference ([53]) that, if it is assumed that the total mass
of the universe is given by MG, then the de Sitter radius RΛ is the radius
of the universe at time, tc, when the acceleration of the expansion of the
universe was exactly zero. The epoch time tc is much in the past and very
roughly about half the age of the universe now. The radius of the universe
now is also very roughly twice the de Sitter radius RΛ. It is obvious that
the radii of the galactic cores will be many orders of magnitude less than
the radius of the universe now and therefore also many orders of magnitude
less than RΛ. In practice, appropriate values for the adjustable constants
(r0, rǫ, K) and a may be obtained from the physical context. G, of course,
is well known and tabulated by CODATA.
In the last two sections a relation between total mass of the universe,
if taken to be MG, and a possible set of constituent quantum number de-
scribed galactic masses is given by (45.58). From this relation the number
Nl of such constituent masses involved, if all in the same quantum state,
is given by (45.58). Of course, the type of galaxy involved in the actual
universe from the usual or quantum point of view ranges over many differ-
ent forms or quantum states. However, using this theory formulation we
can raise the idea of spatially uniform cosmology to a new superior level
of galactic identity uniformity, a collection of galaxies all with the same
quantum number l. In the next section I shall examine an internal to dark
matter quantized version of Newton’s law of gravitation.
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47 Quantized Newtonian Law of Gravitation
We note the decomposition of Ml(r) and M
′
l (r) into positive and negative
parts,
Ml(r) = Ml+ + Al
(
−r3−4l
)
+Bl
(
−r5−8l
)
− Clr
3 (47.1)
= Ml+ +Ml−(r), say, (47.2)
Ml−(r) = Al
(
−r3−4l
)
+Bl
(
−r5−8l
)
− Cl(r
3) (47.3)
M ′l (r) = Ml+ + Al
(
−r3−4l
)
+Bl
(
−r5−8l
)
+ Clr
3 (47.4)
= M ′l+(r) +M
′
l−(r), say, (47.5)
M ′l−(r) = Al
(
−r3−4l
)
+Bl
(
−r5−8l
)
(47.6)
M ′l+(r) = Ml+(r) + Clr
3. (47.7)
The last formulae with the primes on the Ms is the actual rather than
effective mass version. I am here using primes instead of the equivalent gr
subscripts to maintain simplicity of notation. Given the detailed formula
for Ml(r) (47.1), the total amount of mass within spheres of radius r, the
Newtonian gravitational potential felt at radius r can be written down as,
Vl(r) =
M ′l (r)G
r
=
M ′l+G
r
+
M ′l−G
r
. (47.8)
The prime on the Ml− is here being used to indicate that the actual mass
version is being used in this definition rather than the effective mass version.
If we now substitute M ′l+(r) from equation (47.7) into the above equation
we get
Vl(r) =
M ′l (r)G
r
=
(Ml+(r) + Clr
3)G
r
+
M ′l−G
r
(47.9)
=
(Ml+(r) + Clr
3)G
r
+
M ′l−G
r
. (47.10)
The emergent feature here is that the Newtonian gravitational constant
G appears, as usual, here in the numerator with the Ms but an inspection
of lines (45.39), (45.40) and (45.41) show that it also appears in the denom-
inator of the same formulae. Thus it cancels out and makes no contribution
to the dark matter gravitational potential. On first encounter, this seems
a very startling result. However, in can be explained within the structure
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of the dust universe model as follows. All the mass functions at line (47.1)
have an initial coefficient, (47.11), which becomes, they having been multi-
plied by G, an initial coefficient, (47.12) and (47.13), for the gravitational
potential terms at line (47.8).
4πr4l0 (3/(8πG))(c/RΛ)
2 (47.11)
→ 4πr4l0 (3G/(8πG))(c/RΛ)
2 = 4πr4l0 (3/(8π))(c/RΛ)
2 (47.12)
= r4l0 (c
2Λ/2). (47.13)
The result (47.13) follows from the definition of RΛ in terms of Λ. Thus ac-
cording to (47.13) the usual gravitational coupling constant G as a multiplier
effectively converts to the cosmological constant Λ as the coupling constant
for describing the distant gravitational effect of dark matter. Hence the
gravitational field for dark matter is not quite the usual Newtonian result
in spite of the fact that it looks superficially identical to it. On reflection
this is not surprising as in this theory dark matter density, ρ(t), the domi-
nant type of matter in the universe before dark energy at the present epoch,
appears as some sort of time variable disturbance, sinh−2(3ct/(2RΛ)), of the
dark energy space time constant density field, (3/(8πG))(c/(RΛ)
2, by the
formula
ρ(t) = (3/(8πG))(c/(RΛ)
2 sinh−2(3ct/(2RΛ)) (47.14)
= MG/VU(t). (47.15)
The last formula being valid if the mass of the universe MU = MG and
VU(t) is the volume of the universe at epoch time t. The constant density
(3/(8πG))(c/(RΛ)
2 = (Λc2/(8πG)) (47.16)
is Einstein’s dark energy density introduced to explain his mathematical cos-
mological constant Λ as being due to an actual physical dark energy mass
density but appearing here as the basis of all energy density, particularly
dark matter density. From lines (47.14) and (47.15), it is very clear that
the time variable disturbance I referred to earlier is no mystery at all in this
cosmological model. The disturbance is just a consequence of the fact that
a constant amount of dark matter, MG, remains within the expanding with
epoch time volume of the universe VU(t). Consequently, the mass density of
the universe decreases with time and it is this process that accounts for the
sinh−2(3ct/(2RΛ)) factor at (47.14). However, the point I wish to emphasise
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is that the constant amount of dark matter within the expanding spherical
universe is intimately related by (47.14) to Einstein’s universally constant
dark energy density , a constancy and existence for which that extends to
outside the expanding spherical sphere of the universe. Dark energy is
hyper-universal. The remarks above are perhaps digressional, but the point
I am making about the Newtonian gravitational potential within the dark
matter halos discussed above is that it differs fundamentally from the usual
gravitational Newtonian potential in that its source is the disturbed density
for dark energy . Notably, the gravitational potential for dark matter (47.8)
is, as has been shown above, distinctly not of the usual G coupled Newto-
nian type. Further more, it is quantized with a quantum state number l
associated with the mass sources involved being constructed from solutions
of a cosmological Schro¨dinger equation for dark matter halo wave functions.
A quantization of gravity is here coming from the cosmological constant, Λ.
This remark is reinforced by the unexpected result of the decomposition of
the total gravitation mass Ml for a galaxy into the two parts Ml+ and Ml−
at (47.2). The positive part Ml+ within the local gravitational potential
generates the usual attraction to the centre Newtonian field whilst the neg-
ative part generates negative gravity repulsion. This is additional to the
repulsive field arising directly from Einstein’s cosmological constant. Thus
negatively gravitating material is greatly involved with dark matter addi-
tionally to its involvement arising from the existence of Λ. The explanation
for the existence of the negative term in the gravitating mass source or its
gravitating potential is very clear from the mathematics and the way it has
been obtained from this theory. The formula for the gravitating mass M(r)
within a sphere of radius r is basic to this work. However, the total object
mass involved M(∞) extends to infinite distance. Thus the mass outside a
sphere of radius r centered on a galaxy, Mout(r), is
Mout(r) = M(∞)−M(r) =Ml+ −Ml(r) = −Ml−(r) > 0, (47.17)
by (47.2). Thus the positive mass −Ml−(r) outside the sphere of radius r on
which the galaxy is centred contributes negatively to the gravitational po-
tential at r. Thus clearly in this case the negative mass within the sphere is
fictional and simply is a reflection of actual positive mass outside the sphere.
This result at (47.17) can be seen to be an explanation for the essential need
for a cosmological constant in the Einstein field equations by the following
considerations. There are obviously very large numbers of galaxies spread
throughout the cosmos. According to this theory each galaxy is an infinitely
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radially extended structure. Hence if we consider any location distance r
from the centre of a galaxy at such a position its gravitation potential will
be felt included in which will be the influence from its mass outside radius
r. This location will also be usually outside all the other infinitely extended
galaxies in the universe. Thus all the rest of the galaxies will make a resul-
tant but usually very small negative gravitation contribution. This small
negative gravity component is supplied by the Einstein additional ρΛ input
density contribution in the form of an extra a component of the stress en-
ergy momentum tensor so that in this case this mass within the sphere is
actually negatively gravitational and not a reflection from actual positively
gravitating mass outside the sphere. It seems that Einstein’s field equations
without Λ only describe a local object in isolation from the rest of the uni-
verse. Thus negatively gravitating material is not quite so weird as it has
seemed for the past decade since Λ was reinstated. Negative gravitation is
just a collective very small attraction felt at any point towards all the rest
of the rest of universe but usually masked by the existence of local posi-
tively gravitating material towards that point and a directional uniformity.
However, this issue is philosophically deep and complicated and I intend to
discuss it in more detail in future publications.
47.1 Galactic Rotation Curves
In order to study the galactic rotation curves as a function of r generated
by a mass function of r such as (47.1),(47.2)and (47.3) we can look at the
simplest case and also use a reasonable set of values for the free parameters
r0, rǫ. We need the values,
Λ = 1.35× 10−52 (47.18)
c = 299792458. (47.19)
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Al(r0) =
r4l0 s(tb)c
2Λ
2G(4l − 3)
(
2a(2l − 1)2
π
)2l
=
c2Λs(tb)β
2l(2l − 1)4l
2G(4l − 3)
(47.20)
Bl(r0) =
3r8l−20 s(tb)c
2Λ
2G(8l − 5)
(
2a(2l − 1)2
π
)4l−1
=
3c2Λs(tb)β
4l−1(2l − 1)8l−2
2G(8l − 5)
(47.21)
Cl =
c2Λ
3G
→
2997924582 × 1.35× 10−52
3G
=
4.0444× 10−36
G
. (47.22)
Ml+ = MGR,ǫ +MGR(rǫ) =
Al
(
r3−4lǫ
)
+Bl
(
r5−8lǫ
)
− Cl(−r
3
ǫ ) +
Al
(
4l − 3
3
)
r3−4lǫ +Bl
(
(8l − 5)
3
)
r5−8lǫ − Clr
3
ǫ .
(47.23)
The quantity β =
2ar20
π
introduced above at (47.20) has the dimensions
length squared, m2, is a useful simplifier as it is arbitrary because r0 is
arbitrary it can be given the value unity when convenient. Thus largely we
can ignore r0 and sideline a. All the mass contributions combined for the
quantum state l are given at (47.25)
Ml(r) = M
+(r) +MP (r)−MΛ(r) (47.24)
= Al
(
4lr3−4lǫ
3
− r3−4l
)
+Bl
(
r5−8lǫ (8l − 2)
3
− r5−8l
)
− Clr
3.
(47.25)
In more detail, we have
Ml(r) =
c2Λs(tb)β
2l(2l − 1)4l
2G(4l − 3)
(
4lr3−4lǫ
3
− r3−4l
)
+
3c2Λs(tb)β
4l−1(2l − 1)8l−2
2G(8l − 5)
(
r5−8lǫ (8l − 2)
3
− r5−8l
)
−
c2Λ
3G
r3.
(47.26)
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This can be separated into positive, Ml+(r), and negative, Ml−(r), signed
terms as follows
Ml+(r) =
c2Λs(tb)β
2l(2l − 1)4l
2G(4l − 3)
(
4lr3−4lǫ
3
)
+
3c2Λs(tb)β
4l−1(2l − 1)8l−2
2G(8l− 5)
(
r5−8lǫ (8l − 2)
3
)
=
Ml+ = a constant with respect to r variation. (47.27)
Ml−(r) =
c2Λs(tb)β
2l(2l − 1)4l
2G(4l− 3)
(
−r3−4l
)
+
3c2Λs(tb)β
4l−1(2l − 1)8l−2
2G(8l − 5)
(
−r5−8l
)
−
c2Λ
3G
r3 (47.28)
Ml−,0(r) =
c2Λs(tb)β
2l(2l − 1)4l
2G(4l− 3)
(
−r3−4l
)
+
3c2Λs(tb)β
4l−1(2l − 1)8l−2
2G(8l − 5)
(
−r5−8l
)
, (47.29)
the last version above not including Einstein’s dark energy term. Thus we
have
Ml(r) = Ml+ +Ml−(r) (47.30)
Ml,0(r) = Ml+ +Ml−,0(r) (47.31)
and, using the actual masses case, the Newtonian gravitational potential at
radius r is
Vl(r) =
Ml+G
r
+
c2Λs(tb)β
2l(2l − 1)4l
2(4l − 3)
(
−r2−4l
)
+
3c2Λs(tb)β
4l−1(2l − 1)8l−2
2(8l − 5)
(
−r4−8l
)
+
c2Λ
3
r2. (47.32)
It follows that the galactic rotation curves given as transverse velocity
squared as a function of r have the equation
v2l (r) =
Ml+G
r
+
c2Λs(tb)β
2l(2l − 1)4l
2(4l − 3)
(
−r2−4l
)
+
3c2Λs(tb)β
4l−1(2l − 1)8l−2
2(8l − 5)
(
−r4−8l
)
+
c2Λ
3
r2. (47.33)
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The gradients of these curves with respect to r are
∂v2l (r)
∂r
= −
Ml+G
r2
+
c2Λs(tb)β
2l(2l − 1)4l(2− 4l)
2(4l − 3)
(
−r1−4l
)
+
3c2Λs(tb)β
4l−1(2l − 1)8l−2(4− 8l)
2(8l − 5)
(
−r3−8l
)
+
c2Λ2
3
r.(47.34)
47.2 Galactic Curves for a Small Galaxy
I have decided to check out the galactic curve kinematics that this theory
delivers for a small galaxy which will be identified below. However, it was
initially and in fact still remains unclear how to identify galaxies within
the quantum set off galaxies derivable from this new theory. Thus to get
going with the use of this theory some trial and error was required which I
will now briefly explain. The theory can deliver an infinite discrete set of
quantized mass values. However, the actual numerical values involved with
this set is determined by the free input parameters which are rǫ, β and tb.
It seems to me that these three parameters can take on arbitrary values.
However, it is desirable that physically reasonable values are chosen. If one
takes the view, among other trial possibilities, that we use a set of quantum
states determined by the quantum parameter l = 1, 2, 3 . . .9 associated with
some definite value, to be explained later, of rǫ = 1.3213133 m, in meters
say, β = 1 m2 in meters squared, with tc the approximate epoch time when
the universe has zero radial acceleration,
tc =
2Rλ sinh
−1(2−1/2)
3c
(47.35)
= 2.18285× 1017 s, (47.36)
the function Ml+ at (47.27) generates in kilograms the nine values,
3.4114× 10−25, 5.18055× 10−20, 2.52104× 10−12,
0.00246163× 100, 2.09608× 107, 9.76751× 1017,
1.84565× 1029, 1.14693× 1041, 2.00789× 1053. (47.37)
I have only taken values for the quantum number up to l = 9 because the
masses generated beyond 9 with this value for rǫ are substantially greater
than the usual ideas of what the mass of the universe is likely to be. The
last mass displayed above for l = 9 coincides with the value of MG, the
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value that could be taken to be the mass of the universe. This last value was
deliberately achieved by choosing rǫ = 1.3213133. The incredibly wide range
of mass values generated for ranges of the integer quantum number l is to my
mind very striking. The rest mass of the top quark is 3.11966×10−25 and the
rest mass of the Higgs boson is thought to be approximately 2.22833×10−25
kilograms so that all the masses in this range are astro-physically interesting.
0bjects in the range 10−12 to 1029 above are very common and could include
large molecules through planets to objects as heavy as small stars and lastly,
the last but one entry above 1041, could be a small galaxy in relation to the
milky which probably has a mass of about 1042 kilograms. With a different
values of rǫ the usually assumed value of the milky way can be obtained
but my choice of rǫ was to include exactly the mass MG in the hope that
the other masses generated would somehow acquire special significance from
its inclusion. Clearly the route forward is uncertain and deserving of much
more investigation. I have examined the galactic rotation curves of the small
galaxy above, quantum state l = 8, with the formula for velocity gradient
with the formula (47.38) below that can be obtained in detail using (47.33)
and (47.34).
∂v(r)
∂r
=
∂v2(r)
2v(r)∂r
. (47.38)
The following list of values of tangential rotation velocity curve gradients
just before, 0.8rSM , the visibility boundary at r = rc = rSM and then
extending out further to 1.2rSM , the results are shown below,
r in meters Gradient of v(r)
0.8× 1.24× 1022 −5.04× 10−23
0.9× 1.24× 1022 −4.48× 10−23
rSM = 1.0× 1.24× 10
22 −4.032× 10−23
1.1× 1.24× 1022 −3.67× 10−23
1.2× 1.24× 1022 −3.36× 10−23. (47.39)
From the second list above, these curves are decisively flat.
48 Stability of Dark Matter Galactic Halos
There are some deep and complicated issues about the stability of particle
distributions assembled under the mutual Newtonian gravitation attraction
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of the component particles ([54]). This problem does not impact on the
theory for the dark matter galactic halos discussed in this paper, as I shall
now explain. It is widely believed nowadays that themissing matter referred
to as dark matter exists within a spherical halo that engulfs the visible parts
of a galaxy and usually extends greatly beyond the visible parts. I think
there is very little evidence that this assumption is correct but it does seem
to be a plausible working assumption. Thus let us assume that this view
of the situation is correct then it also seems likely that the dark matter is
not necessarily rotating with the galaxy for otherwise it would be flattened
and not spherical as is usually its parent visible galaxy. Further, remaining
spherical and not having clumped into a flattened form in its evolution
suggests its compulsive dynamics is not usual. If it is in fact spherical and
not rotating then what keeps it in its extended state? The obvious answer
to this question is that it is a gaseous structure and in equilibrium caused
by an outwards pressure from the gas and an inwards pull from gravitation
effectively from its center. The fact that such equilibrium conditions can
likely occur at some time, using Newtonian gravitation theory with gas
dynamics theory, the forms of possible equilibrium mass densities can be
found. However, such solutions are not necessarily time wise stable any more
than there is necessarily zero motion when acceleration is zero in general.
An absolutely static structure is clearly not appropriate for the description
of a galaxy as complex rotational motion is in fact observed. The main static
aspect is the requirement that there should be no overall radial motion and
that the galaxy should not be expanding with the substratum. Clearly,
the idea of steady state motion in the quantum context is just right for
galaxy description. In quantum theory, systems with very complex internal
motions are successfully described under this tag and usually such systems
have quantum state numbers attached to a range of discrete quantum states.
However, such quantum systems play out their motion under the influence
of some central potential energy, such as the coulomb potential for example.
The quantized dark matter densities with integer quantum number l that I
found from isothermal gravitational equilibrium theory are just crying out
to be Schro¨dinger densities formed from the Hermitian scalar product from
Schro¨dinger wave functions. I have shown above and elsewhere [52] that
the Schro¨dnger equation needed in this context involves a non-gravitational
potential, V1(r) if it is to play the part of supplying steady state solutions
that space wise coincide exactly with the solutions from the new isothermal
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equilibrium theory. However, each solution Ψ1(r, t) has its own Schro¨dinger
equation and potential function Vl(r) as given below in terms of the quantum
integer l instead of the isotropic index n(l).
Ψ1,l(r, t) = e
−
El(rǫ,r0)it
~
(
−2a(1 − 2l)2
π
)l
(r/r0)
−2l (48.1)
El(rǫ, r0) = Mg,l(rǫ, r0)c
2 (48.2)
Mg,l(rǫ, r0) =
r4l0 s(tb)MG2lr
3−4l
ǫ
R3Λ(4l − 3)
(
2a(2l − 1)2
π
)2l
+
3r8l−20 s(tb)MGr
5−8l
ǫ (4l − 1)
R3Λ(8l − 5)
(
2a(2l − 1)2
π
)4l−1
(48.3)
Vl(r) = El(rǫ, r0) +
~
2l(2l − 1)
mr2
(48.4)
i~
∂
∂t
Ψ1,l(r, t) = −
~
2
2m
∇2Ψ1,l(r, t) + Vl(r)Ψ1,l(r, t). (48.5)
The equations above summarise the basic results from a quantum view of the
type of wave functions and their parametric dependants that needs pertain
if the new isothermal gravitation theory solutions are also solutions, Ψ1,l,
of a Schro¨dinger equation with a potential function Vl(r). Mathematically,
they can in fact be regarded as the solution of an unusual classical eigen-
value problem expressed as follows. Find the eigen-potentials Vl(r) and
steady state energy wave functions Ψ1.l that must be operative if the classical
Newtonian energy equation is replaced by what might be called a potential
function operator version of Schro¨dinger shape Vˆ (r) with eigen-values Vl(r)
and eigen-wave functions Ψ1(r, t) as below
Vˆ (r) = i~
∂
∂t
+
~
2
2m
∇2 (48.6)
Vˆ (r)Ψ1,l(r, t)) = Vl(r)Ψ1.l(r, t). (48.7)
Of course, given only the last two equation, the solutions could not be found
from them alone, but they do correctly describe the basis of the problem to
be in classical eigen-value theory and, importantly for this papers, empha-
sise the conclusion that galactic halos exist under a special quantized sta-
bilising internal potential in addition to their actual formative gravitational
potential structure which itself is also not usual, but rather is Λ orientated
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as has been shown in section 5. The Schro¨dinger equation for Ψ1.l(r, t) does
not involve gravity at all. It is a purely quantum structure that represents a
discrete infinity of endpoints to cosmological clumping and so the potential
involved that conditions steady state motion is a representation of the vari-
ety of possible forces involved in clumped mass stability, [52]. Gravitation
comes into the picture through the cosmological Schro¨dinger equation and
its solutions ΨS(r, t) of which the Ψ1.l(r, t) solutions are possible quantized
modulating factors that supplies the space variability with radial position
r and also importantly ensures physical stability via steady state motion.
49 Conclusions Appendix 6
The cosmological dust universe model is applied to the problem of galac-
tic modelling using the quantized mass density solutions of a new theory
of gravitational isothermal equilibrium. These solutions depend on a key
integer state determining parametric pure number l related to the isotropic
index n and three other physically adjustable parameters. Assuming the
adjustable parameters fixed in value, it is shown that all these density so-
lutions are derivable from amplitude solutions of a Schro¨dinger equation
with a special quantized inverse square law eigen-potential. To adequately
define these density solutions and then use them to describe dark matter
galaxy halos it is necessary to redefine these initially space origin divergent
solutions by replacing a small region at the origin with a constant section
of radius rǫ, which then becomes one of the input adjustable parameters
and the core radius of the galaxy. The density solution are all infinitely
extended in space but having finite mass core radii they can be integrated
over all space to generate mass spectra dependent on ranges of the quantum
number l. One such spectrum is calculated so as to terminate at quantum
number l = 9 giving a theoretical total mass of the universe, MG. The last
but one value l = 8 generates a possible small galaxy mass the galactic star
rotation curves of which are derived. They are shown to be very flat. The
mass spectrum in this case for values near 10−25 could possibly represent the
most fundamental particle of them all, the Higgs boson. In using the quan-
tized mass values to form the usual Newtonian gravitation potential in the
study of galactic rotation curves involving the usual G, coupling constant,
it is found that G becomes replaced with Einstein’s cosmological constant Λ
by fraction cancellation. This implies that consistent with the dust universe
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model basis on Λ, the quantization of gravity implied by this model is Λ
dependent rather than G dependent. The structure of the gravitation po-
tential V (r) reveals that a simulation of dark energy is involved in its form.
For any value of r apparent negative mass nearer to the radial origin than
r is actual positive mass at positions further from the radial origin than r.
This has the effect that the apparent negative mass is actual positive mass
outside the radius of reference. Thus suitably orientated positive mass can
appear elsewhere to be negative. It is suggested that this rather unexpected
structure in this formalism could be used to explain actual dark energy mass
in terms of positively gravitating mass. This last point is an idea under con-
struction and will need be examined to see if it reinforces or conflicts with
my earlier work on dark energy. However, Einstein’s cosmological constant
is absolutely essential to all aspects of this physical theory.
Added section on corrections, 21st June 2012
50 Explanation of Corrections Appendix 6
The mistake I made and have corrected in this paper was real and regret-
table. However, it has turned out to be useful for the understanding of what
seems to me to be a rather subtle power associated with using the gravita-
tional potential function. It seems that the process of taking the gradient of
that function is mathematically rather subtle. In writing down the gravita-
tional potential to use in deriving the equivalent of Newton’s inverse square
law formula for force on a particle for the case when dark energy mass
was involved as a source of the gravity, I assumed that the mass should
be proceeded with a minus sign. Consequently, I chose what I have called
in this paper the effective mass version of the total mass for constructing
the potential function. This has turned out to be a wrong choice. The
process of taking the gradient of a gravitation potential function, operating
with ∇, distinguishes between ordinary gravitational mass and negatively
gravitating mass on purely analytical geometrical properties of the mass
distributions and thus generates the correct sign automatically. Thus by
adding the negative sign to the mass simply undid the built in cleverness
of the standard ∇ operation on the potential function. The correction to
this problem was obviously to start with the actual mass as opposed to
the effective mass and let the standard procedure do the work. Thus the
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corrections involved just changing the use of the effective mass to the ac-
tual mass wherever appropriate in the paper. I am writing this explanation
of my mistake because I think it reveals something significant about the
dark energy concept generally. This dependence of the dark energy concept
on geometrical orientation has, as the reader will have seen, has come up
strongly in interpreting what the dark energy concept means. Thus my
mistake has, I think, had very positive consequences. I can translate these
remarks onto a definite mathematical explanation as follows. Consider the
total actual gravitating mass and its potential
Vl(r) =
M ′l (r)G
r
=
M ′l+G
r
+
M ′l−G
r
. (50.1)
M ′l−(r) = Al
(
−r3−4l
)
+Bl
(
−r5−8l
)
(50.2)
M ′l+(r) = Ml+(r) + Clr
3. (50.3)
The acceleration per unit mass caused by this potential at distance r from
the origin is
rˆ · ∇Vl(r) =
c2Λs(tb)θ
2lr3ǫ (2l − 1)
4l
2(4l − 3)
(
−
4l
3r2
+
(4l − 2)r1−4l
r3−4lǫ
)
+
3c2Λs(tb)θ
4l−1r3ǫ (2l − 1)
8l−2
2(8l − 5)
(
−
(8l − 2)
3r2
+
(8l − 4)r3−8l
r5−8lǫ
)
+
c2Λr3ǫ
3
(
2r
r3ǫ
)
, (50.4)
where the dimensioned parameter β has been replaced by the dimensionless
parameter θ = β/r2ǫ to clarify the dimensionality of the various contribu-
tions. Thus all the last bracketed quantities become dimensionally inverse
square but not all variably inverse square. All the coefficients of the large
brackets have dimensions m3s−1. Thus all the terms are accelerations. No-
tably, Newton’s gravitation constant G does not occur. In fact, G is replaced
by Λ. This quantized gravitational expression is clearly a substantial gen-
eralisation of Newton’s law of gravitation. However, we can identify main
inverse square law forms as the first terms in the first two large brackets.
Both of these terms have minus signs and so represent the usual Newtonian
gravitational law of attraction towards the origin. However, both of the
large brackets contain also many possible positive signed terms of inverse
form determined by the quantum state parameter l. They thus represent
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repulsions from the origin. Clearly the last positive term above represents
the repulsive effect of twice Einstein’s dark energy term. The two first large
brackets originate in the galactic context, from the galactic mass density and
the Einstein pressure term mass density from general relativity respectively.
The inverse repulsive terms in the first two brackets with their positive signs
appear to go along with the negative gravity of the last term. They are the
terms which simulate negative mass by contributing repulsion and actually
exist outside the reference sphere of radius r. I mention one more effect
from the correction. The negative gravitating term contributed by Ein-
stein’s dark energy, the last term above, was left out when I calculated the
rotation curve for the small galaxy on the grounds that for a small galaxy
it would only make a negligible contribution on account of the smallness
of Λ. However, if is used in such calculations under the corrected version
of this theory it would contribute a small positive addition to the rotation
curve gradient formula for large galaxies. For sufficiently large galaxies the
rotation curves would eventually curve up from their flat condition at very
large distances from the origin. There has been mention of observations to
this effect.
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